
Whvwlqj iru Vwuxfwxudo Fkdqjh ri d Frlqwhjudwhg Uhjuhvvlrq lq
Sdqho Gdwd

Fklkzd NdrWdqg Plq0Kvlhq Fkldqj
V|udfxvh Xqlyhuvlw| dqg Fkhqj0Nxqj Xqlyhuvlw|

Iluvw Gudiw= Mdqxdu| 5333
Wklv Gudiw= Dsulo 4:/ 5333

Devwudfw

Wklv sdshu sursrvhv d Zdog0w|sh whvw vwdwlvwlf iru whvwlqj wkh vwuxfwxudo fkdqjh ri d frlqwhjudwhg
uhjuhvvlrq prgho lq sdqho gdwd1 Wkh dv|pswrwlf glvwulexwlrq ri wkh sursrvhg whvw vwdwlvwlf lv d vtxduh ri
d Ehvvho surfhvv dv lq Ghorqj +4<;4, dqg Dqguhzv +4<<6,1 Zh dovr vkrz wkdw wkh whvw frqvlghuhg lq wklv
sdshu kdv qrqwulyldo orfdo srzhu djdlqvw d zlgh fodvv ri dowhuqdwlyhv1 Zh vkrz wkdw wkh vsxulrxv euhdn
pd| rffxu zkhq wkh huuru whup lv UE��1 Ilqdoo|/ zh sursrvh d errwvwuds phwkrg wr whvw wkh frpprq
fkdqjh srlqwv dfurvv jurxsv1

4 Lqwurgxfwlrq

Wklv sdshu/ dorqj zlwk Hphuvrq dqg Ndr +4<<<,/ lv wkh �uvw vwhs lq xqghuvwdqglqj krz wr whvw iru vwuxfwxudo

fkdqjhv ri frlqwhjudwhg uhjuhvvlrq prghov lq sdqho gdwd1 Hphuvrq dqg Ndr +4<<<, ghyhorshg whvwv iru whvwlqj

iru vwuxfwxudo euhdn lq d wlph wuhqg uhjuhvvlrq lq sdqho gdwd1 Lq wklv sdshu/ zh sursrvh d Zdog0w|sh whvw

vwdwlvwlf iru ghwhfwlqj d euhdn dw dq xqnqrzq gdwh lq d frlqwhjudwhg uhjuhvvlrq lq sdqho gdwd1 Zh ghulyh wkh

olplwlqj glvwulexwlrq ri wkh sursrvhg whvw1 Zh dovr vkrz wkdw wkh sursrvhg whvw kdv qrq0wulyldo orfdo srzhu1

Wkh olplwlqj glvwulexwlrq ri wkh Zdog whvw lv vkrzq wr eh d vlplodu/ wkrxjk qrw lghqwlfdo/ irup ri wkdw ri wkh

whvwv lq Dqguhzv +4<<6,1 Wkh olplwlqj glvwulexwlrq ri rxu whvw lv d vtxduh ri d Ehvvho surfhvv dv lq Ghorqj

+4<;4,1

Whvwlqj iru vwuxfwxudo fkdqjhv kdv ehhq dq lpsruwdqw uhvhdufk wrslf lq qrqvwdwlrqdu| wlph vhulhv hfrqr0

phwulfv1 Uhfhqw lvvxhv ri wkh Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv dqg Mrxuqdo ri Hfrqrphwulfv duh

ghyrwhg wr vxfk vwxglhv/ h1j1/ Fkx dqg Zklwh +4<<5,> Kdqvhq +4<<5,> Juhjru| dqg Kdqvhq +4<<9,> Fdpsrv/

Hulfvvrq dqg Khqgu| +4<<9,1 Ndr dqg Urvv +4<<8, h{whqghg wkh g|qdplf fxpxodwlyh vxp +FXVXP, whvw ri

WZh wkdqn vhplqdu sduwlflsdqwv dw Fruqhoo Xqlyhuvlw|/ Xqlyhuvlw| ri Orqgrq dw TPZ dqg Xqlyhuvlw| ri Olyhusrro iru khosixo
frpphqwv1 Dq hohfwurqlf yhuvlrq ri wkh sdshu lq srvwvfulsw irupdw fdq eh uhwulhyhg iurp kwws=22zhe1v|u1hgx2�fgndr1 Dgguhvv
fruuhvsrqghqfh wr= Fklkzd Ndr/ Fhqwhu iru Srolf| Uhvhdufk/ 759 Hjjhuv Kdoo/ V|udfxvh Xqlyhuvlw|/ V|udfxvh/ Q\ 4657704353>
h0pdlo= fgndrCpd{zhoo1v|u1hgx1
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Nudphu/ Sorehujhu dqg Dow +4<;;, wr wkh prgho zkhuh vhuldo fruuhodwlrq lv suhvhqw1 Dqguhzv +4<<6, vkrzhg

wkdw wkh vxsuhpxp ri wkh xvxdo Fkrz whvw ryhu doo srvvleoh euhdn gdwhv frqyhujhv wr wkh vxsuhpxp ri d wlhg0

grzq Ehvvho surfhvv1 Txlqwrv dqg Skloolsv +4<<6, sursrvhg OP whvwv iru sdudphwhu frqvwdqf| lq frlqwhjudwhg

uhjuhvvlrqv1 Txlqwrv +4<<:, h{whqghg wkh  xfwxdwlrqv whvw wr d qrqvwdwlrqdu| uhgxfhg udqn iudphzrun dqg

vkrzhg wkh whvw frqyhujhv wr d vxp ri wlhg0grzq surfhvvhv1 Krzhyhu/ qrqh ri wkhvh sdshuv kdv orrnhg dw wkh

whvwv lq wkh frqwh{w ri wkh sdqho gdwd h{fhsw Kdq dqg Sdun +4<;<,/ Kdqvhq +4<<<, dqg Hphuvrq dqg Ndr

+4<<<,1 Kdq dqg Sdun +4<;<, sursrvhg d FXVXP dqg d FXVXP ri vtxduhv whvwv iru sdqho gdwd prghov1

Kdqvhq +4<<<, ghyhorshg phwkrgv iru whvwlqj wkh wkuhvkrog h�hfwv lq sdqho gdwd1 Hphuvrq dqg Ndr +4<<<,

sursrvhg whvw vwdwlvwlfv iru ghwhfwlqj d euhdn dw dq xqnqrzq gdwh lq sdqho gdwd prghov zlwk wlph wuhqg1

Hphuvrq dqg Ndr ghulyhg wkh olplwlqj glvwulexwlrqv ri wkh sursrvhg whvwv dqg wdexodwhg wkh fulwlfdo ydoxhv1

Dv|pswrwlf uhvxowv zhuh ghulyhg L+3,/ L+4, dqg qhduo| L+4, huuru whupv1 Wkh| dovr vkrzhg wkdw wkhvh whvwv

kdyh qrq0wulyldo orfdo srzhu rqo| zkhq wkh huuru whupv duh L+3,1 Lq d uhfhqw sdshu/ wkrxjk qrw d sdqho

frqwh{w/ Edl/ Oxpvgdlqh dqg Vwrfn +4<<;, ghyhorshg phwkrgv iru whvwlqj dqg frqvwuxfwlqj dv|pswrwlfdoo|

ydolg frq�ghqfh lqwhuydov iru wkh gdwh ri d vlqjoh euhdn lq pxowlyduldwh wlph vhulhv/ lqfoxglqj L+3,/ L+4, dqg

ghwhuplqlvwlfdoo| wuhqglqj uhjuhvvruv1 Wkh| vkrzhg wkhuh duh vxevwdqwldo jdlqv e| xvlqj pxowlyduldwh wlph

vhulhv zklfk kdyh d frpprq euhdn gdwh1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh prgho1 Vhfwlrq 6 gh�qhv wkh whvw

vwdwlvwlf1 Wkh olplwlqj glvwulexwlrqv ri wkh sursrvhg whvw vwdwlvwlfv lv hvwdeolvkhg1 Vhfwlrq 7 hvwdeolvkhv wkh

olplwlqj glvwulexwlrq ri wkh sursrvhg whvw xqghu orfdo dowhuqdwlyhv1 Vhfwlrq 8 ghulyhv wkh olplwlqj glvwulexwlrq

ri wkh sursrvhg whvw zkhq wkh huuru whup lv L+4,1 Vhfwlrq 9 vxjjhvwv d whvw ri whvwlqj wkh frpprq fkdqjhv

dfurvv jurxsv lq sdqho gdwd1 Lq Vhfwlrq : zh vxppdul}h wkh �qglqjv1 Doo surriv duh lq wkh Dsshqgl{1

D zrug rq qrwdwlrq1 Zh zulwh wkh lqwhjudo
U 4

3
Z +v,gv dv

U
Z zkhq wkhuh lv qr dpeljxlw| ryhu olplwv1

Zh gh�qh 
4@5 wr eh dq| pdwul{ vxfk wkdw 
 @
�

4@5

� �

4@5

�3
= Zh xvh n�n wr ghqrwh wkh Hxfolghdq qrup

ri d yhfru/ , wr ghqrwh zhdn frqyhujhqfh/
s$ wr ghqrwh frqyhujhqfh lq suredelolw|/ ^{` wr ghqrwh wkh odujhvw

lqwhjhu � {/ L+3, dqg L+4, wr vljqli| d wlph0vhulhv wkdw lv lqwhjudwhg ri rughu }hur dqg rqh/ uhvshfwlyho|/ dqg

EP +
, wr ghqrwh Eurzqldq prwlrq zlwk wkh fryduldqfh pdwul{ 
1

5 Wkh Prgho dqg Dvvxpswlrqv

Frqvlghu wkh iroorzlqj �{hg h�hfw sdqho uhjuhvvlrq=

|lw @ �l . {
3

lw�w . xlw> l @ 4> ===> q> w @ 4> ===> W> +4,

5



zkhuh i|lwj duh 4 � 4> �w lv d s � 4 yhfwru ri wkh vorsh sdudphwhuv/ i�lj duh wkh lqwhufhswv/ dqg ixlwj duh

wkh vwdwlrqdu| glvwxuedqfh whupv1 Zh dvvxph wkdw i{lwj duh s� 4 lqwhjudwhg surfhvvhv ri rughu rqh iru doo l>

zkhuh

{lw @ {lw�4 . %lw=

Xqghu wkhvh vshfl�fdwlrqv/ +4, ghvfulehv d v|vwhp ri frlqwhjudwhg uhjuhvvlrqv/ l1h1/ |lw lv frlqwhjudwhg zlwk

{lw= Wkh lqlwldol}dwlrq ri wklv v|vwhp lv |l3 @ {l3 @ Rs+4, dv W $ 4 iru doo l1 Qh{w/ zh fkdudfwhul}h wkh

lqqrydwlrq yhfwru zlw @
�
xlw> %

3

lw

�3
1 Zh dvvxph wkdw zlw vdwlv�hv wkh iroorzlqj dvvxpswlrqv1

Dvvxpswlrq 4 Iru hdfk l/ zh dvvxph izlwj kdyh phdqv }hur dqg vdwlvi| wkh lqyduldqfh sulqflsoh/ l1h1/

4s
W

^Wu`[
w@4

zlw , El+u, @ EP +
, dv W $ 4 iru doo l> +5,

zkhuh

El @

57 Exl

E%l

68 =

Dvvxpswlrq 5 Wkh izlwj duh dvvxphg wr eh lqghshqghqw dfurvv l=

Wkh orqj0uxq fryduldqfh pdwul{ ri izlwj lv jlyhq e|


 @
4[

m@�4
H
�
zlmz

3

l3

�
@ 	. �. �

3

@

57 
x 
x%


%x 
%

68 >

zkhuh

� @
4[
m@4

H
�
zlmz

3

l3

�
@

57 �x �x%

�%x �%

68 +6,

dqg

	 @ H
�
zl3z

3

l3

�
@

57 	x 	x%

	%x 	%

68 +7,

duh sduwlwlrqhg frqirupdeo| zlwk zlw=

Dvvxpswlrq 6 
% lv qrq0vlqjxodu/ l1h1/ i{lwj duh qrw frlqwhjudwhg1
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Gh�qh


x=% @ 
x �
x%

�4
% 
%x= +8,

Wkhq/ El fdq eh uhzulwwhq dv

El @

57 Exl

E%l

68 @

57 

4@5
x=% 
x%


�4@5
%

3 

4@5
%

6857 Yl

Zl

68 > +9,

zkhuh

57 Yl

Zl

68 @ EP +L, lv d vwdqgdugl}hg Eurzqldq prwlrq1 Gh�qh wkh rqh0vlghg orqj0uxq fryduldqfh

� @ 	. �

@
4[
m@3

H
�
zlmz

3

l3

�
zlwk

� @

57 �x �x%

�%x �%

68 =

Khuh zh dvvxph wkdw sdqhov duh krprjhqhrxv/ l1h1/ wkh yduldqfhv duh frqvwdqw dfurvv wkh furvv0vhfwlrq

xqlwv1 Wkh sureohp ri lqwhuhvw lv wr whvw wkh fkdqjhv lq wkh sdudphwhu �w zkhuh wkh fkdqjh srlqwv duh

xqnqrzq1 Frqvlghu wkh dowhuqdwlyh k|srwkhvlv wkdw wkhuh lv rqo| rqh fkdqjh srlqw n/ l1h1/

K4 = �w @

;?= �4 iru w @ 4> ===> n

�5 iru w @ n . 4> ===> W
= +:,

Xqghu +:,/ +4, fdq eh zulwwhq dv

|lw @ �l . {
3

lwL+w � n,�4 . {
3

lwL+w A n,�5 . xlw

@ �l . {
3

lw +n,� . xlw +;,

zkhuh � @ +�4> �5,
3

/ L+=, lv wkh lqglfdwru ixqfwlrq/ dqg

{lw+n, @

;?= {lwL+w � n,

{lwL+w A n,
=

Ohw

{l+n, @
4

W

W[
w@4

{lw +n,

@

;?= 4
W

SW
w@4 {lwL+w � n,

4
W

SW
w@4 {lwL+w A n,

=
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Wkh xvxdo �{hg h�hfw uhsuhvhqwdwlrq ri +;, lv

|�lw @ {�lw+n,
3

� . x�lw> +<,

zkhuh

|�lw @ |lw � |l>

{�lw+n, @ {ll+n,� {l+n,>

dqg

x�lw @ xlw � xl=

Ohw ex�lw+n, @ |�lw � {�w +n,
3e��+n,

dqg

V+n, @
q[
l@4

W[
w@4

ex�lw+n,5
zkhuh e��+n, fdq eh rewdlqhg e| xvlqj wkh IP hvwlpdwru lq +46,1 Wkhq wkh ohdvw vtxduhv hvwlpdwh ri wkh

fkdqjh srlqw/ n/ lv gh�qhg dv en @dujplq
n

V+n,=

6 Wkh Zdog Whvw Vwdwlvwlf dqg Lwv Olplwlqj Glvwulexwlrq

Gh�qh

x.lw @ xlw �
x%

�4
% %lw>

ex.lw @ xlw � e
x%
e
�4% %lw> +43,

|.lw @ |lw �
x%

�4
% �{lw> +44,

dqg

e|.lw @ |lw � e
x%
e
�4% �{lw= +45,

Qrwh wkdw 57 x.lw

%lw

68 @

57 4 �
x%

�4
%

3 Ls

6857 xlw

%lw

68 >

8



zklfk kdv wkh orqj0uxq fryduldqfh pdwul{ 57 
x=% 3

3 
%

68 >

zkhuh Ls lv d s� s lghqwlw| pdwul{1 Wkh hqgrjhqhlw| fruuhfwlrq lv dfklhyhg e| prgli|lqj wkh yduldeoh |lw lq

+4, zlwk wkh wudqvirupdwlrq

e|.lw @ |lw � e
x%
e
�4% �{lw

@ �l . {
3

lw� . xlw � e
x%
e
�4% �{lw=

Wkh vhuldo fruuhodwlrq fruuhfwlrq whup kdv wkh irup

e�.
%x @

� e�%x
e�%

�3C 4

�e
�4% e
%x

4D
@ e�%x � e�%

e
�4% e
%x>

zkhuh e�%x dqg e�% duh nhuqho hvwlpdwhv ri �%x dqg �%= Wkhuhiruh/ wkh IP hvwlpdwru xqghu K3 lv

e� @

%
q[
l@4

W[
w@4

+{lw � {l, +{lw � {l,
3

&�4 % q[
l@4

#
W[
w@4

+{lw � {l, e|.lw � W e�.
%x

$&
= +46,

Wkh olplwlqj glvwulexwlrq ri wkh IP hvwlpdwru xqghu K3 kdv ehhq ghyhorshg e| Ndr dqg Fkldqj +4<<<, dqg

Shgurql +4<<9,1 Doo olplwv lq Ohppd 405/ Wkhruhpv 406 dqg Fruroodu| 4 duh wdnhq dv W $ 4 iroorzhg e|

q $ 4 vhtxhqwldoo|1

Ohppd 4 Ndr dqg Fkldqj +4<<<,1 Vxssrvh Dvvxpswlrqv 406 dqg xqghu K3 krog1 Wkhq

s
qW

�e� � �
�
, Q

�
3> 9
�4% 
x=%

�
=

Zh duh lqwhuhvwhg lq whvwlqj iru wkh vwdelolw| ri � lq +4,/ l1h1/ zh whvw K3 = �4 @ �5 djdlqvw K4 = �4 9@ �5=

Ohw Z +n, eh wkh Zdog vwdwlvwlf=

Z+n, @
4e
x=%

�e�4n � e�5n�3
597

�Sq
l@4

Sn
w@4+{lw � {4ln,5

��4
.
�Sq

l@4

SW
w@n.4+{lw � {5ln,

5
��4

6:8
�4 �e�4n � e�5n

�
> +47,

zkhuh e
x=% lv d frqvlvwhqw hvwlpdwru 
x=% xqghu K3 +h1j1/ Ndr dqg Fkldqj/ 4<<<,1

Dvvxpswlrq 7 n
W $ u dv W dqg n $ 4=

Wkhq zh kdyh wkh iroorzlqj wkhruhp=

9



Wkhruhp 4 Vxssrvh wkh frqglwlrqv ri Dvvxpswlrqv 407 dqg wkh qxoo k|srwkhvlv/ K3> krog1 Wkhq

Z+n, , Ts+u,

xqlirupo| lq u/ zkhuh Ts+u, @
4

u5.+4�u,5
k
E++4� u,5,�E

�
u5
�l3 k

E++4� u,5,�E
�
u5
�l

=

Uhpdun 4 41 Qrwh wkdw wkh olplwlqj glvwulexwlrq ri Z+n, lv qxlvdqfh sdudphwhu iuhh dqg ghshqgv rqo|

rq wkh qxpehu ri uhjuhvvruv/ s1

51 Qrwh wkdw E++4� u,5, � E
�
u5
�
kdv yduldqfh +4� u,5 � u5= Wkhq

���E++4� u,5,�E
�
u5
���� lv d Ehvvho

surfhvv ri rughu s1 Wkhuhiruh zh fdq zulwh

4

u5 . +4� u,5

k
E++4� u,5,�E

�
u5
�l3 k

E++4� u,5,�E
�
u5
�l

dv

+4� u,5 � u5

+4� u,5 . u5

k
E++4� u,5,�E

�
u5
�l3 k

E++4� u,5,�E
�
u5
�l

+4� u,5 � u5

zkhuh k
E++4� u,5,�E

�
u5
�l3 k

E++4� u,5,�E
�
u5
�l

+4� u,5 � u5

lv d vtxduh ri d vwdqgdugl}hg Ehvvho surfhvv1 Ohw v @ +4� u,5 � u51 Wkhqk
E++4� u,5,�E

�
u5
�l3 k

E++4� u,5,�E
�
u5
�l

+4� u,5 � u5

@
EP+v,

3

EP+v,

v
>

zkhuh EP+v, ghqrwhv d s0yhfwru ri lqghshqghqw Eurzqldq surfhvvhv rq ^3>4` = Iru d �{hg u/ EP+v,
3

EP+v,
v

kdv d fkl0vtxduhg glvwulexwlrq zlwk s ghjuhhv ri iuhhgrp1 Krzhyhu/ u fdqqrw eh 4
5 vlqfh v zloo eh }hur

zkhq u @ 4
5 =

61 Wkh olplwlqj glvwulexwlrq ri +4�u,5.u5
+4�u,5�u5Z+n,> kdv wkh vdph irup dv lq Ghorqj +4<;4, dqg Dqguhzv

+4<<6,1 Wkh uhvxow lv lq frqwudvw wr wkdw ri Kdqvhq +4<<5, dqg Txlqwrv dqg Skloolsv +4<<6,/ zkr

frqvlghu wkh whvwv iru whvwlqj iru vwuxfwxudo fkdqjh zlwk L+4, uhjuhvvruv lq sxuh wlph vhulhv/ lq zklfk

wkh whvw vwdwlvwlfv ghshqg rq zkhwkhu wkh uhjuhvvruv duh L+3, ru L+4,1

71 Wkh uhvxowv lq Wkhruhp 4 dqg wkh uhvw ri wkh sdshu zloo frqwlqxh wr krog li zh uhsodfh wkh IP hvwlpdwru e|

wkh g|qdplf ROV +GROV, ri Ndr dqg Fkldqj +4<<<, vlqfh IP dqg GROV hvwlpdwruv duh dv|pswrwlfdoo|

htxlydohqw1

:



81 Wkh uhvxowv lq Wkhruhp 4 dqg wkh uhvw ri wkh sdshu zloo frqwlqxh wr krog li zh lqfoxgh d wlph wuhqg ru

rwkhu ghwhuplqlvwlf frpsrqhqw lq +4,1

Qh{w zh frqvlghu wkuhh vwdwlvwlfv= vxsZ+n,> PhdqZ+n,> dqg H{sZ+n,> zkhuh

vxsZ+n, @ vxs
^Wu�`�n�W�^Wu�`

Z+n,>

PhdqZ+n, @
4

W

W�^Wu�`[
n@^Wu�`

Z+n,>

dqg

H{sZ+n, @ orj

3C 4

W

W�^Wu�`[
n@^Wu�`

h{s

�
4

5
Z+n,

�4D =

Xvlqj wkh frqwlqxrxv pdsslqj wkhruhp zh wkhq kdyh wkh iroorzlqj fruroodu|=

Fruroodu| 5 Vxssrvh wkh dvvxpswlrqv lq Wkhruhp 4 krog dqg xqghu K3 =

41 vxsZ+n, , vxs
u��u�4�u�

Ts+u,>

51 PhdqZ+n, , U 4�u�
u�

Ts+u,gu>

61 H{sZ+n, , orj
�U 4�u�

u� h{s
�
4
5Ts+u,

�
gu
�
=

Uhpdun 5 41 Qrwh wkh dv|pswrwlf qxoo glvwulexwlrqv ri vxsZ+n,> PhdqZ+n,> dqg H{sZ+n, duh wkh

vdph jlyhq lq Ghorqj +4<;4, dqg Dqguhzv dqg Sorehujhu +4<<7,1

Fulwlfdo ydoxhv f� iru wkh whvw vwdwlvwlfv vxsZ+n,> PhdqZ+n,> dqg H{sZ+n, duh surylghg lq Wdeoh 41E|

gh�qlwlrq/ f�> vdwlv�hv S

7 Orfdo Dv|pswrwlf Srzhu

Lw lv lpsruwdqw wr nqrz li wkh Zdog whvw kdv jrrg srzhu surshuwlhv xqghu jhqhudo dowhuqdwlyh k|srwkhvhv1 Wr

h{dplqh dv|pswrwlf orfdo srzhu zh frqvlghu wkh iroorzlqj orfdo dowhuqdwlyh=

�
+W ,
w @ � .

4

W
j

�
w

W

�
> +48,

zkhuh j lv d s� 4 duelwudu| ixqfwlrq gh�qhg rq xqlw lqwhuydo= Gh�qh

|
+W ,
lw @ �l . {
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9 Whvwlqj iru wkh Frpprq Fkdqjh Srlqw Dfurvv Jurxsv
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