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Abstract

This paper proposes a Wald-type test statistic for testing the structural change of a cointegrated
regression model in panel data. The asymptotic distribution of the proposed test statistic is a square of
a Bessel process as in Delong (1981) and Andrews (1993). We also show that the test considered in this
paper has nontrivial local power against a wide class of alternatives. We show that the spurious break
may occur when the error term is I(1). Finally, we propose a bootstrap method to test the common
change points across groups.

1 Introduction

This paper, along with Emerson and Kao (1999), is the first step in understanding how to test for structural
changes of cointegrated regression models in panel data. Emerson and Kao (1999) developed tests for testing
for structural break in a time trend regression in panel data. In this paper, we propose a Wald-type test
statistic for detecting a break at an unknown date in a cointegrated regression in panel data. We derive the
limiting distribution of the proposed test. We also show that the proposed test has non-trivial local power.
The limiting distribution of the Wald test is shown to be a similar, though not identical, form of that of the
tests in Andrews (1993). The limiting distribution of our test is a square of a Bessel process as in Delong
(1981).

Testing for structural changes has been an important research topic in nonstationary time series econo-
metrics. Recent issues of the Journal of Business and Economic Statistics and Journal of Econometrics are
devoted to such studies, e.g., Chu and White (1992); Hansen (1992); Gregory and Hansen (1996); Campos,
Ericsson and Hendry (1996). Kao and Ross (1995) extended the dynamic cumulative sum (CUSUM) test of
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Kramer, Ploberger and Alt (1988) to the model where serial correlation is present. Andrews (1993) showed
that the supremum of the usual Chow test over all possible break dates converges to the supremum of a tied-
down Bessel process. Quintos and Phillips (1993) proposed LM tests for parameter constancy in cointegrated
regressions. Quintos (1997) extended the fluctuations test to a nonstationary reduced rank framework and
showed the test converges to a sum of tied-down processes. However, none of these papers has looked at the
tests in the context of the panel data except Han and Park (1989), Hansen (1999) and Emerson and Kao
(1999). Han and Park (1989) proposed a CUSUM and a CUSUM of squares tests for panel data models.
Hansen (1999) developed methods for testing the threshold effects in panel data. Emerson and Kao (1999)
proposed test statistics for detecting a break at an unknown date in panel data models with time trend.
Emerson and Kao derived the limiting distributions of the proposed tests and tabulated the critical values.
Asymptotic results were derived I(0), I(1) and nearly I(1) error terms. They also showed that these tests
have non-trivial local power only when the error terms are 7(0). In a recent paper, though not a panel
context, Bai, Lumsdaine and Stock (1998) developed methods for testing and constructing asymptotically
valid confidence intervals for the date of a single break in multivariate time series, including I(0), I(1) and
deterministically trending regressors. They showed there are substantial gains by using multivariate time
series which have a common break date.

The organization of the paper is as follows. Section 2 introduces the model. Section 3 defines the test
statistic. The limiting distributions of the proposed test statistics is established. Section 4 establishes the
limiting distribution of the proposed test under local alternatives. Section 5 derives the limiting distribution
of the proposed test when the error term is I(1). Section 6 suggests a test of testing the common changes
across groups in panel data. In Section 7 we summarize the findings. All proofs are in the Appendix.

A word on notation. We write the integral fol W (s)ds as [ W when there is no ambiguity over limits.
We define Q'/2 to be any matrix such that Q = (Q1/2) (91/2)/ . We use ||| to denote the Euclidean norm
of a vecor, = to denote weak convergence, = to denote convergence in probability, [x] to denote the largest
integer < z, I(0) and I(1) to signify a time-series that is integrated of order zero and one, respectively, and

BM () to denote Brownian motion with the covariance matrix €.

2 The Model and Assumptions

Consider the following fixed effect panel regression:

Yit = Q4 + x;tﬁt + Uit 1= ]-7 ey 1 t= ]-a ~~~7T7 (1)



where {y;:} are 1 x 1, G, is a p x 1 vector of the slope parameters, {a;} are the intercepts, and {u;} are
the stationary disturbance terms. We assume that {x;;} are p x 1 integrated processes of order one for all 4,

where

Tit = Tig—1 + Eqt-

Under these specifications, (1) describes a system of cointegrated regressions, i.e., y;; is cointegrated with
x;;. The initialization of this system is y;0 = ;0 = Op(1) as T — oo for all i. Next, we characterize the

. . ! . . .
innovation vector w;; = (uit, 5“) . We assume that w;; satisfies the following assumptions.

Assumption 1 For each i, we assume {w;;} have means zero and satisfy the invariance principle, i.e.,

[Tr]
1
ﬁ Zwit = Bi(r) = BM () as T — oo for all i, (2)
t=1
where
Bui
B; =

Bei

Assumption 2 The {w;;} are assumed to be independent across i.

The long-run covariance matrix of {w;} is given by

j=—00
= S4T+T
Qu QUE
Qe
where
- wijsz) -
J=1 Fsu FE
and
' Yu o Yue
Eeu EE

are partitioned conformably with w;;.

Assumption 3 Q. is non-singular, i.e., {x;} are not cointegrated.



Define

Qu.s - Qu - Qusgglﬂsu- (5)
Then, B; can be rewritten as
Bui 911/52 Qusgs_l/Q sz
B; = = . 1/2 ) (6)
B 0 Q: Wi
where ' | =BM (I) is a standardized Brownian motion. Define the one-sided long-run covariance
W;
A = ¥+4T

i E (wuw;o)
j=0

with

Au AUE
A =
AE’U. AE

Here we assume that panels are homogeneous, i.e., the variances are constant across the cross-section
units. The problem of interest is to test the changes in the parameter (3, where the change points are

unknown. Consider the alternative hypothesis that there is only one change point k, i.e.,

B, fort=1,..k
Hy: B, = : (7)
By fort=k+1,...T

Under (7), (1) can be written as
Yie = 04+ QU;tI(t <k)B; + QU;tI(t > k)By + wit
= i+ (k) B+ uir (8)
where 8 = (64, ﬁz)/, I(.) is the indicator function, and

.Z‘it_[(t S k‘)

malk) = v l(t> k)

Let
Ti(k) = Z

T
_ T Zt 12zl (E < k)
T Zt 1Tl (t > k)



The usual fixed effect representation of (8) is

Y = ﬁt(k’)/ﬁ + ug, 9)
where
y;kt = Yit — yiv
xi (k) = (k) — 7 (k),
and
Uy = Uip — Uy
Let
(k) = v, — 25 (k) B (k)
and
n T
S(k) = g (k)?
i=1 t=1

where g*(k) can be obtained by using the FM estimator in (13). Then the least squares estimate of the
change point, k, is defined as

k =arg min S(k).
k

3 The Wald Test Statistic and Its Limiting Distribution

Define
uzt = Uit — QuSQg_lgita
aj; = Uit — Qusﬁglgit, (10)
yzt = Vit — QUEQs_leit; (11)
and
{g\i; = Yit — QUEQ;IAJJZ‘,:. (12)
Note that
uzt o 1 7Qu595_1 Uit
Eit 0 Ip Eit ’



which has the long-run covariance matrix

QU.S O
0 Q.

where I, is a p X p identity matrix. The endogeneity correction is achieved by modifying the variable y;; in

(1) with the transformation
{y\i; = Yit — Q’lLEQ;leit
= ai + @B+ ui— QT A,

The serial correlation correction term has the form

A, = (A, &)

where ﬁsu and 35 are kernel estimates of A., and A.. Therefore, the FM estimator under Hy is

-1

5= lzz (w5t — ;) (240 — TZ)/] [Z (Z (w3 — ) Ui — Tﬁ;)] , (13)

i=1 t=1 i=1 \i=1
The limiting distribution of the FM estimator under Hy has been developed by Kao and Chiang (1999) and
Pedroni (1996). All limits in Lemma 1-2, Theorems 1-3 and Corollary 1 are taken as T — oo followed by

n — oo sequentially.

Lemma 1 Kao and Chiang (1999). Suppose Assumptions 1-8 and under Hy hold. Then

Ny (B _ ﬁ) = N (0,6Q-1Q,.) .

We are interested in testing for the stability of § in (1), i.e., we test Hy : 81 = (4 against Hy : B # B,.
Let W (k) be the Wald statistic:

-1

(B~ B (14)

0 ] (e me?)
Qe (ﬁlk 6%) T (Z?=1 Z;f:kﬂ(xit - izik)Q)il

W(k) =
where QU_E is a consistent estimator Q, . under Hy (e.g., Kao and Chiang, 1999).

Assumption 4 % —rasT and k — oo.

Then we have the following theorem:



Theorem 1 Suppose the conditions of Assumptions 1-4 and the null hypothesis, Hgy, hold. Then

W(k) = Qp(r)
uniformly in r, where Q,(r) = m [B((l - r)z) - B (7"2)} [B((l - 7’)2) - B (7’2)} )
Remark 1 1. Note that the limiting distribution of W(k) is nuisance parameter free and depends only

on the number of regressors, p.

2. Note that B((1—r)*) — B (r?) has variance (1 — r)? —r2. Then HB((l -r?) -8B (r?)

is a Bessel

process of order p. Therefore we can write

m BB (T“’)}/ [B(1-1")- B ()]
@2 [BO =) - B3] [5G0 - ) - 52)
A =r)+r 1—r)—r2

where

(B~ )~ B()] [B1 ) - B ()
(1

is a square of a standardized Bessel process. Let s = (1 — 7")2 —r2. Then

(B ) - B(3)] [B(1 -1 - B ()

(1 —7’)2 —r2

BM(s) BM(s)

)

S

where BM (s) denotes a p-vector of independent Brownian processes on [0, 0c] . For a fized r, BM(s) BM(s)

S
has a chi-squared distribution with p degrees of freedom. However, r cannot be % since s will be zero

1

when r = 5

8. The limiting distribution of %W(k), has the same form as in Delong (1981) and Andrews
(1993). The result is in contrast to that of Hansen (1992) and Quintos and Phillips (1993), who
consider the tests for testing for structural change with I(1) regressors in pure time series, in which

the test statistics depend on whether the regressors are 1(0) or I(1).

4. The results in Theorem 1 and the rest of the paper will continue to hold if we replace the FM estimator by
the dynamic OLS (DOLS) of Kao and Chiang (1999) since FM and DOLS estimators are asymptotically

equivalent.



5. The results in Theorem 1 and the rest of the paper will continue to hold if we include a time trend or

other deterministic component in (1).
Next we consider three statistics: supW(k), MeanW(k), and ExpW(k), where
supW (k) = sup W(k),
[Tr*]<k<T—[Tr~]

T—[T7r*]

1
MeanW(k) = = > Wk,
k=[Tr*]
and
1 T—[T7r*] 1
ExzpW(k) = log T k_[;*] exp (§W(k)>

Using the continuous mapping theorem we then have the following corollary:
Corollary 2 Suppose the assumptions in Theorem 1 hold and under Hy :

1. supW(k) = sup  Qp(r),

r*<r<l—r*

2. MeanW (k) = ::T* Qp(r)dr,
3. ExpW(k) = log (f::w exp (3Qp(r)) dr) .

Remark 2 1. Note the asymptotic null distributions of supW(k), MeanW(k), and ExpW (k) are the
same given in Delong (1981) and Andrews and Ploberger (1994).

Critical values ¢, for the test statistics supW (k), MeanW (k), and ExpW (k) are provided in Table 1.By

definition, c,, satisfies P

4 Local Asymptotic Power

It is important to know if the Wald test has good power properties under general alternative hypotheses. To

examine asymptotic local power we consider the following local alternative:
m_g L (L 15
87 =5+ 79 (7). (19)
where ¢ is a p x 1 arbitrary function defined on unit interval. Define

) = i+ 2B + g



~(T ~(T
and let ng) and ﬁ;k) be the FM estimators under the local alternative (15). Similarly, let

-1

~(T) (1)
<ﬂ1k B )

-1

(Z?:l 25:1 (zit — Tlik)2>
+ (Z?=1 e (@it — @ik)Q) -

1 [~ D)
W(T)(k) = ﬁ (511: *52k )

u.e

be the corresponding test statistic under local alternative, where ﬁu,s is the estimate of €, . under local

alternatives.

Theorem 2 Suppose Assumptions 1-4 hold. Under the local alternatives (15), then
WD (k) = Qp(r) + 0,(1)

uniformly in r.

Remark 3 Theorem 2 indicates that Wald test in (14) has nontrivial local power irrespective of the particular

type of the structural change.

5 Spurious Break
We now extend the results of the previous sections to the case where the error term in (1) is I(1). Consider
v = i + B + e, (16)

Tit = Tig—1 + €4,

where e;; is I(1).

’

Assumption 5 Suppose that wy = (ug, i) 18 a bivariate process with zero mean vector and the long-run

covariance matriz of wiy:

’ Q’LL ng
Q=3X4+T+T = ,
QE’LL Q€
where _
F _ u F’U.&
and _
E — EU EU&
EEU E&




Let y;; = Zi=1 w;s and x; = Zi=1 €is in which u;0 = €;0 = O,(1). Suppose y;; and x4, are incorrectly
estimated by least squares for all ¢ using panel data; the spurious OLS regression model. The OLS estimator
of 3 is
(17)

B = ZZ (Tt — ) (T — fz‘)/] lz (Z (x4t — T;) yit>

=1 t=1 i=1 t=1

Let Q. = Q — 2, Q710 and 8 = QZ71Q,,., then we have following lemma from Kao (1999):

Lemma 3 Kao (1999). Under Hy and assume that Assumptions 2-5 are satisfied and ey is I(1) in (16),

then
1. B 5B,
2. v (B-8) =N (0,20:100.).

Let W (k) be the Wald statistic:

-1

(Bux = ) - (18)

B i S ! (Z?=1 Zf=1($it *Elik)Q)il
W(k‘) - Qu.z—: (ﬁlk ﬁZk) n (Z?:1 Zz:k+1($it —Ezik)2>_1

The limiting distribution under Hy of W(k) is given in the next theorem:

Theorem 3 Suppose (16) is true. Under Hy and given assumptions 2-5,

1 1

W) = Q1)

uniformly in r.

Remark 4 1. Observe that the Wald statistic, W(k), will be unbounded asymptotically under Hy and
when the error term is I1(1) in (16), i.e., the null of no break will be rejected with probability one
asymptotically. This is called the spurious break. The spurious break phenomenon in the pure time
series has been discussed by Nunes, Kuan, and Newbold (1995) and Bai (1998). However, %W(k)

can be used to test for the break when the error term is I(1).

2. Suppose [ differs across i in (1) and we use the OLS in (17) to estimate this heterogeneous panel
cointegration model. Then this misspecification of the heterogeneous panel cointegration will cause the

spurious break.

10



6 Testing for the Common Change Point Across Groups

The assumption of having the common changes across i in (1) is rather restrictive. We now consider a test
that tests for the common change point across groups. Suppose there are two subgroups in the cross-sectional

units and we generalize (8) as

Qai + Tl (t <ka)Brg + @il (t > ka)Baq + wiy, fori€ly

Yit = (19)

api @It < ke)Buy+ It > k)Byy + ww, foricl

where I, and I, are index sets corresponding to subgroups in the cross-section units. Let n, = #(I,) and

ny = #(Ip). The fixed effect representation of (19) is

‘x;rt(ka)/ﬁa + u;'ktv for i € Ia

y;'kt - , ) 5 (20)
wiy (ko) By + uf, foriel,
where
y;kt = Yit — yiv
vy (ki) = wii(ky) — Ti(kj),
1 T
Il i I(t S k;
miy = TE ISR G,
T e Tatl (8> kj)
and

* —
Uz = Ugt — Uq.

For any given k, and ks, the slope coefficients 3, and (3, can be estimated by FM estimator in (13). Once

ko and &, are obtained, the slope coefficients are Ba = Ba(/{a) and Bb = Ba(ka). The regression residual is

vy — w5 (ka) /@aa for i € I,

it - |
vl —al(ke) Bp. fori€l,

and the sum of squared errors is

The least squares of k; (j = a,b) is defined as

Ej =arg min S;(k;).
k;

We are interested in testing

HO : ka = kb =k. (21)

11



Under the null hypothesis of common change points, the model is

ai 4+ It <k)By, + 2,1t >k)By, + wuy, foriel,
Yit — , , ‘
p;  + xit-[(t < k)ﬁlb + $it1(t > k)ﬁzb + Ui, forie I,

Under the null hypothesis, the fixed effect representation is

an (k) B, + wui, foriel,
y;'kt _ t( )//6 t ' ) (22)
ai (k) B, + wuj, foricl,

The regression parameters 3, and 3, are estimated by FM, yielding ﬁa(k) and Bb(k) The least squares

estimate of k is

k :arg;nin ZSj(k), j=a,b.

Under the null hypothesis, the sum of squared errors is
So = 8;(k)
J

The F test of Hy is based on

I w;JUfI)
(Z]Z Zt 1 ztj( ) Z Zz 1 t 1 zt; (kj)2> /do
- >, Si(ky)/di
Z Zz 1 t 1 [a;‘ktj (E>2 ft; (%)2}
- 5, S5 y) | %)

where dy = n(T — 1), and
S1="Y_ S;(k;)
J
The asymptotic distribution of F' in (23) can be obtained by using a bootstrap procedure:

1. Estimate (20) and (22) by FM. Calculate the F statistic for testing the null Hy : k, = k, = k. Compute

the regression residuals @j,; and Axj, under Ho.
2. Draw n integers j(1), ..., j(n) With replacement from the set of integers 1, ..., n.
3. Let u}, = (u},, ﬂ;‘tb)/ and w;; = (U, Ax;*t)/. Fori=1,...,n, draw {w;*t};f:l randomly with replacement

from {{ﬁ}\j(ut}jzl }"

i=1
preserve the serial correlation and endogeneity. For example:

We may need bootstrap {@jwt}tT: L by the recursive or block methods to

12



7

(a) Forming moving block pairs
(@j(i)t’ ey @jm,t-f-b—l)
fromttot+b—1.

(b) Draw blocks (w;"t, e Wy +b—1) randomly with replacement from the original blocks.

“NT s N T
. Randomly divide {{w}}!, };‘F_l into two groups {{w;"t}?zal} and {{w;"t}?zbl} where n};, and nj
= t=1

t=1
are the number of observations .

T
t

W T .
. Use {{w;"t}?:“l}t:l and {{w;"t}?:bl} . to create a bootstrap sample under Hyp.

. Using the bootsrap sample estimate the model under the null and alternative. Calculate the bootstrap

value of the F test, F*, in (23).

. Repeat steps 2 - 5 B times. The the asymptotic p-value for F test can be calculated by looking at the

percentage of draws for which the simulated F statistic exceeds the actual F in Step 1. Then we obtain

the bootstrap p-value under H, :
1 B
p-value = B Z[ (Fj* > F) .
j=1

The null of having common change points will be rejected if the p-value is smaller than a desired value

(say 5%).

Conclusion

This paper proposes a Wald-type test statistic for testing the structural change of a cointegrated regression

model in panel data. The asymptotic distribution of the proposed test statistic is standard and free of

nuisance parameters, i.e., it is a square of a Bessel process as in Delong (1981) and Andrew (1993). We also

show that the test considered in this paper has nontrivial local power against a wide class of alternatives.

Finally, we propose a bootstrap method to test the common change points across groups.

13



Appendix

A Proof of Theorem 1

Proof. Under Hy we know

= [fznTrl \/ﬁfmT-

k — NG k — N\~
where Co;p = % Zt=1 (it —Z1i) (Tie — Ti) , Sany = %Z?:l Coirs Crir = % Zt:l [(xzt — i) “ji -

1 n
and &y, = n Zi:l Crar
7

Let wjt' = ( u;; 5;t ) and we have

Bt
_Zw:;:> w :BM(Q+) as T — oo,
Bei
where _
QU. 0
ot = : =2t 40T 4T+
0 Q.
and ;
B | | T —Qu07 Bui
B.; 0 I B.;
Let
At =3t 4Tt
and

hT — T § Tit — :1711

From Kao and Chiang (1999) and the consistency of Q. and Q;l we note that

k
1
lzT = TZ Tt — T1i)
t=1

T

= Bl +rAf

ut e’
0

14
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ew |



for all 7, where

A+

EU

(A AE)(

Asu - Asgilgsuv

€

as T — oo. It follows in terms of standard Wiener processes that

(hp = QY2 ( / me) QY2 L r AT
0

Now let

Clearly, we know that

and

Also

as T — oo for all 7, where

CU‘T = CET - kﬁj’u

1

-1, )

Crir = QL2 </0 ﬁ//z‘de) 02 =y

gQiT

E [Clz] = Oa

r2

Var [Cll} = 6

1
T2
t

M=

Il
=

Q8.

7

(it — T1s) (@i — Tq)

= ([ e g
0

™ Jo

as T — oo for all 7, where A, = Y., + I'c. It can be shown that

o[ o] 5
0

6"

where I, is a p X p identity matrix. It then follows that

Then,

VAT (By - 6) = l%

2

2
r
E[Czi] = KQ;/QIin/z

>

i=1

- Za.

([}
0

15

w

1

n

n

> o

i=1

( / Widvi) Q12
0




uniformly in r for all fixed n as T — oo. Thus, applying the multivariate Lindeberg-Levy central limit

theorem to ﬁ S 02 (for WidVi) 02 to get

1 & "~ 72
—= Y Q2 (/ mmx;) QY2 =N <o, —Qu_gszg)
vn ; 0 ' 6
uniformly in r and combining this with
1« 1/2 T 1/2 P r?
- Z QE/ I/VZVVZ QE/ — —Qg,
n =1 0 6

we have

-1

1 n TNN/ 1 i T
Sy ([ )ee| |2y ave ([ W) el
l” ; 0 vn ; 0 '
2 -1 2
- [”—Q} N (O%Qu9> - \/ECB(TQ),

6 =
uniformly in r as n — oo, where C' = (Q;lQu,E)l/z , B(r) is a p x 1 vector of independent Brownian motion.

Then, by the sequential limit theory we have

VAT (By —B) = gCB(TQ),

uniformly in 7. Similarly,

1 o _ v (1—7)?
T2 D (@i — o) (wir — o) S 5
t=k+1

and

- 6 (1-r)?
\/ET (ﬁ?k - ﬁ) = (1 — 7’)2 Qg ! <Oa 6 Qu.EQs>

_ Yy (0.0 =m0

(1—7)

V6 5
= Y _oB(1Q-r

1) (T=7)7)

uniformly in r using

T 1

1 ’ - 3/ ’

T2 D (@i —Tai) (wi — o) = QL2 (/ VViVVi) 0z,
t=k+1 T

16



T

% > [(gc — o) T — A+]:>Q;/2 (/lwid\/i>(2;(3,

e
e e
A [/ )
= < tdtf— 1)%dt + (1 — )27’>>

since

E[fjmfng}—(l—r)ﬁ:[ fW} }
)| + @ =r2E [Wiryw ()]

{ e
i [foW} }< 04 E W] }
fe

B I E N A ATAC r)2E [Wir)W, ()]

[//} o

where

— 1 1

Then we note that
(Bm - sz) - (Bm - 5) - (sz - 5)
and under Hy

VnT (Bm - sz)

17



= [1 1]

_ oo | B0 B
o (1-r)
_ Ve [B(1) B(l)}
LT 1—r
B [B((1-7)%) — B (r?)
o \/60 I r(1—r)

1

(nTz IZt (@i — flk)2>
1
+ (n i= IZt k+1 (Tt — T%)Q)

:| \/ET (Bllc 7%2]@)

1 [ - B(1-r)? —B(r2) 6 4 6 1 B((1-r)*) - B(r?)
. _*/60 (1 —r) 2k *WQS ] Voo (1 —r)
1 [ B(1-r)?)-B (%) 1. 1 3 N B((1-r)?) —B (r%)
Qe _C r(l—r) TQQS +(1—7")296 ¢ r(l—r)
[ B -BEH] -0 B((1—r)) ~ B ()

Qe _C r(l—r) 7’2+(1—7")2 ¢ r(l—r)
1 1 2 o1 2 )
=TT [B(a—r) )—B(r )} ' a.c [B((l—r) )~ B(r )}
1 1 2 2 1/2 1/2 1/201/2 2 2
Sl ow (B =) ~B(r )] Q201 20.012042 [B(1 - 1)*) - B (7))
S [B(1-r)") - B (7’2)]/ B =r)") = B (1?)]
r2+(1 —7")2

uniformly in r, where Q,(r?) is the square of a standardized Bessel process of order p. This proves Theorem

1.1
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B Proof of Theorem 2

Proof. The model under the alternative is

yz(t ) = a + x;tﬁgﬂ + Ut

, 1. t
= Oé+$itﬁ+f$itg T + Ut

and
T ~ o~
(?/th_) = (y;t)T - Quer_leit-
Note
~(T) fn k 71 n k T N
B = Z Z(ﬂﬁzt = T1)(Tit — T14) ZZ [(Uﬁzt -7u) (U5) — A;ru}
li=1 t=1 1l i=1e=1
n k 11 n k
- ZZ Tit — L1 )\ Tqt — CClz) ZZ |:(xzt 51711) ((y“) - QUEQ 1A$zt> - A:_u:|
li=1 t=1 1 i=1t=1
T 1
= Z Z(%t — T13) (w4 — fu‘)/
li=1 t=1 i
t& 1 t ~
) [(xit —7i) (a + @B+ Tl (T) + ﬁ?;) - Aiu}
=1 t=1
n k -1
= lz Z(%t — T1i)(xq — Tu‘)/
i=1 t=1
n k 1 ¢ =R
> [(m —T1i) (%5 + g <f + al'i) - A:_u:|
i=1 t=1
n k n_k 1 t ~
= [ ) — ) ] S5 - (T v (3) +t) - A]
i=1 t=1 i=1 t=1
n k n k ¢
[ e ) ] D) PTREMLERT Y
=1 t=1 =1 t=1
n k -1 n k
+ Z l'zt - l'lz xzt - l'lz) ] [ZZ Tit — xlz A+ ]
=1 t=1 =1 t=1
Then

JAT (Bﬁ - ﬁ)

11 & 17
[EZEZ Ty — T14) xztfu‘)] l

i=1 t=1

i % > (@it fli)%g (%) it

i=1 t=1

e
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n

=1 t=1

This implies that

Jar (50 -0

2 —1 1 n 1 k
= |:%Qs:| [7 Z ? Z Tit — CUlz

i=1
- —1 [

From Theorem 1 we know that

t=1

1en 1 «
EZEZ xzt*xlz xzt*xlz)

N Zz 17T Zt k+1(x“
+\/_ Zz 1TZt k+1(xzt

SNATES
Tlfg T \/ﬁ

\/_Z Z Ti — ;)T

t=k+1

uniformly in r using (e.g., Bai, 1996, p. 609) for a fixed n,

1
(I 1711) ztfg<

20
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it Tg

1

)

A+

+0p (1).



o <f0 Wi, ) Ql/gg (s)ds

=

) -

= %Z/o Qi/zwiwgﬁi/zg(s)ds
i=1

and
n T
1 1 _ .1 t
ﬁzf Z (-Tit_xm)xitfg <T>
i=1 " t=k+1
Lo 192/2d<f51mwi/> Q;/Q
= ﬁ;/r ds g(S)dS
1 < /1 1/2757 117 01
= ,_Z Q WiWiﬂe/zg(s)ds,
Vn = J,
1 ¢ /T 1/2757.777 O1/2
— QYPW,W, 02 g (s)ds = O,(1
7o, ()ds = 0,(1)
and

1 « /1 Lo o
—= >0 | QAW (r) dr = 0,(1)
Vvn&=J,
uniformly in . It follows that
~(T)  ~(T)
var (5 - s )
B((1-r)*) - B(r?)

V6O o +0,(1). (24)
Then under the alternative
W(k)
' 1 —n 1 k ( — )2>_1 !
~ ~ = c__ 1 T3 t— Tt — T14 ~ ~

— v (ﬂi? ﬂé?) <j i ’ Zeale=mal) e (ﬂik ﬂéﬁ)

Qe + (A5 S (o~ Tain)?)

B((1-r)?) — B (1?) -] B((1— 1)) — B ()

N e [\/EC r(1-r) o) |60 r2(1— 7")2 veo r(l—r)

Qe
= Qe Qp(r) + Oyp(1)
= Qp(r) +0p(1)

uniformly in r using (24) and

Qu.s = QU.S + Op(]')'

This proves Theorem 2. B
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C Proof of Theorem 3

Proof. We note from Theorem 1 and Kao (1999) that

Vi (Bu - 8) = ﬁcw%,

(25)
(B =) = 0 (310-). g

and
i (e~ ) = 20 | USR] )

where C = (leﬂu.s) 1/2

(27) and the continuous mapping theorem we have

=5 W(k)

-1

_ 1 TR Y (# Sy Y (wie — flk)Q)
— Qu.e\/ﬁ (51k 52k) { N (&2 s ST (- @ky)
Ve

B(1-1)-B(*)]] lml A n?ir2]
1 r? (1 — 7’)2

-1

L
Qe

r(l—r) S or2(1—r)?

B((1- 1)) — B () 'C,Q .

=C

B((1-r)*) - B(r?

and B(r?) is a p x 1 vector of independent Brownian motion. Combining (25) -

-1

vn (Bm - sz)

B((1-r)?) —B(r?)
r(l1—r)

2

3

|

150 (1—7)" 42 r(T=7) r(i—7)
L1 [Ba=nt - B0 olf2er a0l B(1=r)") = B (1?)]
= 1_59%5 ] ) (1 _ ?")2 + r2
Lo, [BO-0)-B03)] [B0 - -5 ()]
= 1_5 Qu_g (1 _ 7’)2 + r2
Lo, [BO-nD-B ()] [B1 -7 - B62)]
= 1_59u.5 (1 _ 7")2 + r2
1
= &)

uniformly in » which completes the proof of Theorem 3. l
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