ON THE ESTIMATION AND
INFERENCE OF A COINTEGRATED
REGRESSION IN PANEL DATA
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ABSTRACT

In this chapter, we study the asymptotic distributions for ordinary least
sgquares (OLS), fully modified OLS (FMOLS), and dynamic OLS (DOLS)
estimators in cointegrated regression models in panel data. We show that
the OLS, FMOLS, and DOLS estimators are all asymptotically normally
distributed. However, the asymptotic distribution of the OLS estimator is
shown to have a non-zero mean. Monte Carlo results illustrate the
sampling behavior of the proposed estimators and show that (1) the OLS
estimator has a non-negligible bias in finite samples, (2) the FMOLS
estimator does not improve over the OLS estimator in general, and (3) the
DOLS outperforms both the OLS and FMOLS estimators.

. INTRODUCTION

Evaluating the statistical properties of data along the time dimension has
proven to be very different from analysis of the cross-section dimension. As
economists have gained access to better data with more observations across
time, understanding these properties has grown increasingly important. An area
of particular concern in time-series econometrics has been the use of non-
stationary data. With the desire to study the behavior of cross-sectiona data
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over time and the increasing use of panel data, e.g. Summers and Heston (1991)
data, one new research area is examining the properties of non-stationary time-
series datain panel form. It is an intriguing question to ask: how exactly does
this hybrid style of data combine the statistical elements of traditional cross-
sectional analysis and time-series analysis? In particular, what is the correct
way to analyze non-stationarity, the spurious regression problem, and
cointegration in panel data?

Given theimmense interest in testing for unit roots and cointegration in time-
series data, not much attention has been paid to testing the unit roots in panel
data. The only theoretical studieswe know of in this area are Breitung & Meyer
(1994); Quah (1994); Levin & Lin (1993); Im, Pesaran & Shin (1995); and
Maddala & Wu (1999). Breitung & Meyer (1994) derived the asymptotic
normality of the Dickey-Fuller test statistic for panel data with a large cross-
section dimension and a small time-series dimension. Quah (1994) studied a
unit root test for panel data that simultaneously have extensive cross-section
and time-series variation. He showed that the asymptotic distribution for the
proposed test is a mixture of the standard normal and Dickey-Fuller-Phillips
asymptotics. Levin & Lin (1993) derived the asymptotic distributions for unit
roots on panel data and showed that the power of these tests increases
dramatically asthe cross-section dimension increases. Im et a. (1995) critiqued
the Levin and Lin panel unit root statistics and proposed alternatives. Maddala
& Wu (1999) provided a comparison of the tests of Im et al. (1995) and Levin
& Lin (1993). They suggested a new test based on the Fisher test.

Recently, some attention has been given to the cointegration tests and
estimation with regression models in panel data, e.g. Kao (1999), McCoskey
and Kao (1998), Pedroni (1996, 1997) and Phillips & Moon (1999). Kao
(1999) studied a spurious regression in panel data, dong with asymptotic
properties of the ordinary least squares (OLS) estimator and other conventional
statistics. Kao showed that the OL S estimator is consistent for its true value, but
the r-statistic diverges so that inferences about the regression coefficient, B, are
wrong with a probability that goes to one. Furthermore, Kao examined the
Dickey-Fuller (DF) and the augmented Dickey-Fuller (ADF) tests to test the
null hypothesis of no cointegration in panel data. McCoskey & Kao (1998)
proposed further tests for the null hypothesis of cointegration in panel data.
Pedroni (1997) derived asymptotic distributions for residual-based tests of
cointegration for both homogeneous and heterogeneous panels. Pedroni (1996)
proposed a fully modified estimator for heterogeneous panels. Phillips & Moon
(1999) developed both sequential limit and joint limit theories for non-
stationary panel data. Pesaran and Smith (1995) are not directly concerned with
cointegration but do touch on anumber of related issues, including the potential
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problems of homogeneity misspecification for cointegrated panels. See the
survey paper by Baltagi & Kao (2000) in this volume.

This chapter makes two main contributions. First, it adds to the literature by
suggesting a computationally simpler dynamic OLS (DOLS) estimator in panel
cointegrated regression models. Second, it provides a serious study of the finite
sample properties of the OLS, fully modified OLS (FMOLS), and DOLS
estimators.

Section 2 introduces the model and assumptions. Section 3 develops the
asymptotic theory for the OLS, FMOLS and DOLS estimators. Section 4 gives
the limiting distributions of the FMOLS and DOLS estimators for heteroge-
neous panels. Section 5 presents Monte Carlo results to illustrate the finite
sample properties of the OLS, FMOLS, and DOLS estimators. Section 6
summarizes the findings. The proofs of Theorems 1, 2, and 4 are not presented
since the proofs can be found in Phillips & Moon (1999) and Pedroni (1997).
The appendix contains the proofs of Theorems 5 and 6.

A word on notation. We write theintegral [; W(s)ds, as [ W, when thereis no
ambiguity over limits. We define Q'* to be any matrix such that = (Q"*)(Q
12y ‘We use |A | to denote {1r(A’A)}", 1Al to denote the determinant of A, =to
denote weak convergence, - to denote convergence in probability, [x] to
denote the largest integer <x, 1(0) and I(1) to signify a time-series that is
integrated of order zero and one, respectively, and BM({)) to denote Brownian
motion with the covariance matrix ().

[I. THE MODEL AND ASSUMPTIONS

Consider the following fixed effect panel regression:
ye=o;+xiB+u,i=1,...,N,t=1,...,T, D
where {y,} are 1x1, B isakx 1 vector of the slope parameters, {«;} are the

intercepts, and {u;,} are the stationary disturbance terms. We assume that {x;}
are kx 1 integrated processes of order one for all i, where

Xig=Xir—1 + €

Under these specifications, (1) describes a system of cointegrated regressions,
i.e.y, is cointegrated with x,.. Theinitialization of this systemisy;,=x;,=0,(1)
asT— oo, foral i. Theindividual constant term o, can be extended into general
deterministic time trends such as o + ot +, . . ., +a,t”.

Assumption 1. The asymptotic theory employed in this paper is a sequential
limit theory established by Phillips & Moon (1999) in which T— o and
followed by N— oo,
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Next, we characterize the innovation vector w;, = (u;, €,)'. We assumethat w,, is
alinear process that satisfies the following assumption.

Assumption 2. For each i, we assume:

%

(@) wy=TI(L)e,= >, e, . > jATLII<oe, (I =0, for some a>1.
j=0 j=0

(b) & is i.i.d. with zero mean, variance matrix 3., and finite fourth order

cumulants.

Assumption 2 implies that (e.g. Phillips & Solo, 1992) the partial sum process

[Tr]

— w,, satisfies the following multivariate invariance principle:
VT <
[Tr]
! S .= B =BM(Q) asT— = foral i @)
= Wit \r)= h - 12
VT4
where

Bui
B;= .
|:Bstj|

The long-run covariance matrix of {w,} is given by

©

0= Ewywly)

=1I(DHZ I1(1)’
=S +T+T"

_ Qu Qus
B QEM QE ’
where

_ r T
I'= E(w,wy) = [ “ “g:| 3
,21 s, T

€

and
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DI

are partitioned conformably with w;,,.
Assumption 3. (), isnon-singular, i.e. {X,}, are not cointegrated.
Define
Q,,=0,-Q,0,7'Q,, ©)
Then, B; can be rewritten as

B. 91/2 Q Q—I/Z V
B=1e, 7l o o= ||w]| ©

where [W} =BM(J) is a standardized Brownian motion. Define the one-sided

i
long-run covariance
A=3+T

=D Ewyw))

Jj=0

A, A
A = u ue .
[ASM AE }

Here we assume that panels are homogeneous, i.e. the variances are constant
across the cross-section units. We will relax this assumption in Section 4 to
allow for different variances for different i.

with

Remark 1. The benefits of using panel data models have been discussed
extensively by Hsiao (1986) and Baltagi (1995), though Hsiao & Baltagi
assume the time dimension is small while the cross-section dimension is large.
However, in international trade, open macroeconomics, urban regional, public
finance, and finance, panel data usually have long time-series and cross-
section dimensions. The data of Summers & Heston (1991) are a notable
example.
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Remark 2. The advantage of using the sequential limit theory is that it offers
a quick and easy way to derive the asymptotics as demonstrated by Phillips &
Moon (1999). Phillips & Moon also provide detailed treatments of the
connections between the sequential limit theory and the joint limit theory.

Remark 3. If one wants to obtain a consistent estimate of 8 in (1) or wants to
test some restrictions on B, then an individual time-series regression or a
multiple time-series regression is probably enough. So what are the advantages
of using the (N, T) asymptotics, e.g. sequential asymptotics in Assumption 1,
instead of T asymptotics? One of the advantages is that we can get a hormal
approximation of the limit distributions of the estimators and test statistics with
the convergence rate \'NT. More importantly, the biases of the estimators and
test statistics can be reduced when N and T are large. For example, later in this
paper we will show that the biases of the OLS FMOLS, and DOLS estimators
in Table 2 were reduced by half when the sample size was changed from
(N=1, T=20) to (N= 20, T=20). However, in order to obtain an asymptotic
normality using the (N, T) asymptotics we need to make some strong
assumptions; for example, in this paper we assume that the error terms are
independent acrossi.

Remark 4. The results in this chapter require that regressors are not
cointegrated. Assuming that 1(1) regressors are not cointegrated with each
other isindeed restrictive. The authors are currently investigating this issue.

IIl. OLS, FMOLS, AND DOLS ESTIMATORS

Let usfirst study the limiting distribution of the OL S estimator for equation (1).
The OLS estimator of B is

B()Ls= |:z Z (= X — )_Ci)’:| I[Z Z (X = X) (Vi — )7|):| (7

All the limits in Theorems 1-6 are taken as T— <« followed by N— oo
sequentialy from Assumption 1. First, we present the following theorem:

Theorem 1. If Assumptions 1-3 hold, then

(a) T(B()LS - B)L - 39; lQeu+6Q; lAsu’

(b) \/NT(BOLS - B) - WBNT: N(07 6‘()’; IQM.S)’
where
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N T
1 1 -
Oyr= |:N 2 T? 2 (i = x;) (o — )_Ci),j|
in1 =1

N
1 ~
X[N250f<JWWWQQ?%hﬁAW}
i=1

and W,=W,— [ W.

The normality of the OLS estimator in Theorem 1 comes naturally. When
summing across i, the non-standard asymptotic distribution due to the unit root
in the time dimension is smoothed out. From Theorem 1 we note that there is
an interesting interpretation of the asymptotic covariance matrix, 6€2, 'Q), ., i.e.
Q. 'Q, . can be seen as the long-run noise-to-signal ratio. We also note that
- %qu is due to the endogeneity of the regressor x,, and A_, is due to the seria
correlation. It can be shown easily that

SNTL - 39;198u+6Q;1ASM'
If w,=(,, ;)" arei.i.d.,, then
dyr L 33, '3,

which was examined by Kao & Chen (1995). Let {,, Q... Q,, and A,, be
consistent estimates of ()., Q. Q., and A, respectively. Then from (b) in
Theorem 1, we can define a bias-corrected OLS, B},

Bis= s~ 2
such that
VNT(B5.5— B)=N(©, 62,'Q,,),
where

Sur=—3010,,+60'A,,.

Chen, McCoskey & Kao (1999) investigated the finite sample proprieties of the
OLS estimator in (7), the ¢-statistic, the bias-corrected OL S estimator, and the
bias-corrected r-statistic. They found that the bias-corrected OLS estimator
does not improve over the OLS estimator in general. The results of Chen et al.
suggest that alternatives, such as the FMOLS estimator or the DOLS estimator
(e.g. Saikkonen, 1991; Stock & Watson, 1993) may be more promising in
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cointegrated panel regressions. Thus, we begin our study by examining the
limiting distribution of the FMOLS estimator, {3,,,, The FMOLS estimator is
constructed by making corrections for endogeneity and seria correlation to the
OLS estimator B, in (7). Define

wi =1, — Q.0 lsir’ (8)
Wi =u; — Qusﬂ&: lait’ 9)
Yir=Yie = Qoly lem (10)
and
9=y — 0,0, 'Ax, (12)
Note that

ul‘; _ 1 - Qusggl ui[
€ - 0 Ik € ’

which has the long-run covariance matrix

QM.!’. O
0o

where |, is a k x k identity matrix. The endogeneity correction is achieved by
modifying the variable y,, in (1) with the transformation

A

57;;:)7,’, - QusﬂsilA‘xit

=o;+x,B+u, — Q0,0 'Ax,.

ue= e

The serid correlation correction term has the form

N N N 1
An=(4,, A A A
su ( Eu a)( _ Qs_ IQSM>
= Aau - Asﬂs - lﬂsu’
where A,, and A, are kernel estimates of A,, and A,. Therefore, the FMOLS

estimator is
N T -
Br= [E D = B, xi)']

i=1 =1

x [2 <2 (g, — 5)3; — TA;, ) ] (12)
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Now, we state the limiting distribution of ,,,.

Theorem 2. If Assumptions 1-3 hold, then V'NT(Bq, — B) = N(0, 60 (Q),,).

It can be shown easily that the limiting distribution of ,,, becomes
VNTB -, — B)=N(0, 20, 'Q,,) (13)

by the exclusion of the individual-specific intercept, «,.
Remark 5. Once the estimates of w,, W, were estimated, we used

N
S= o> > i (14)

to estimate 2. Q) was estimated by

N

T ! T

A1 1 1

0= 2{ PRETATSIE-IDY <ww+ww>} (15)
N i=1 T t=1 T T=1 t=7+1

where @, is a weight function or a kernel. Using Phillips & Durlauf (1986)

and sequential limit theory, 2 and €2 can be shown to be consistent for 3, and
QO

Remark 6. The distribution results for B, require \/N(f)— ) does not
diverge as N grows large. However, () — () may not be small when T is fixed.
It follows that V'N(Q — Q) may be non-neglibible in panel data with finite
samples.

Next, we propose a DOLS estimator, ,, which uses the past and future values
of Ax, as additional regressors. We then show that the limiting distribution of
B, is the same as the FMOLS estimator, f3,,,. But first, we need the following
additional assumption:

Assumption 4. The spectral density matrix f,,,(\) is bounded away from zero
and full rank for all i, i.e.

£\ =8I, N e[0, 7], 8> 0.

When Assumptions 2 and 4 hold, the process {u,} can be written as (see
Saikkonen, 1991):

©

u,;= 2 Ci€iyj T Vi (16)

j=—»

for dl i, where
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{v,} is stationary with zero mean, and {v,} and {¢,} are uncorrelated not only
contemporaneously but also in all lags and leads. In practice, the leads and lags
may be truncated while retaining (16) approximately, so that

q
U= E Ciiryjt Vi
j=—q

for al i. This is because {c;} are assumed to be absolutely summable, i.e.

We aso need to require that ¢ tends to infinity with T at a suitable rate:

3
Assumption 5. g— «© as T— oo such that%—»O, and

T eyl =0 (17)

1jl>q
for all i.
We then substitute (16) into (1) to get
q
Ve=oy+xLB+ 2 Cifirsj T Vi
J=—q

where

V=Vt E Cii€irsj (18)

lj1>q
Therefore, we obtain the DOLS of B, B, by running the following
regression:
q
yit:ai+xi’tB+z C:;/Axmj'*'"’ir (19)
j=—q
Next, we show that B, has the same limiting distribution B,, as in
Theorem 2.

Theorem 3. If Assumptions 1-5 hold, then V'NT(8, — B) = N(0, 6Q, 1(),,).
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IV. HETEROGENEOUS PANELS

This chapter so far assumes that the panel data are homogeneous. The
substantial heterogeneity exhibited by actual data in the cross-sectiona
dimension may restrict the practical applicability of the FMOLS and DOLS
estimators. Also, the estimators in Sections 2 and 3 are not easily extended to
cases of broader cross-sectional heterogeneity since the variances and biases
are specified in terms of the asymptotic covariance parameters that are assumed
to be shared cross-sectionally.

In this section, we propose an aternative representation of the panel FMOLS
estimator for heterogeneous panels. Before we discuss the FMOLS estimator
we need the following assumptions:

Assumption 6. We assume the panels are heterogeneous, i.e. (), I', and 3, are
varied for different i. We also assume the invariance principlein (2), (16), and
(17) in Assumption 5 still holds.

Let
x=0 "Px, (20)
Mi’; = Qi;;/b\; ’
a7 =u, — 0.0 '€, (21)
9=y~ Quuly A, = U2(Q, %, — (5B, (22)
and
Vi= 0.0, (23)
where Qig and (A),.L,_g are consistent estimators of (2, and
Qo= = Qi ' Qs

respectively. Similar to Pedroni (1996) the correction term, QRO 12
x;iB — (€, "x,)'B), is needed in (22) in the heterogeneous panel. We note that
(22) will be the same as (11) only if Q% — ;") =0 in the
heterogeneous panel. Also (22) requires knowing something about the true B.
In practice, B in (22) can be replaced by a preliminary OLS, ,,,. Therefore,
let

b (Q7 1/2'x1{t - (Q; szit),)GOL&

iu.e iu.e

att A N A
Yie =it QiusQie Axir Q

and

A

sk ()~ 128++
yit_Qiu.s yir .
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Assumption 7. (), isnot singular for all i.

Then, we define the FMOLS estimator for heterogeneous panels as

N T N T
-1

Bry= [2 > (X?i—fci")(X?i—ch)’} [E <E (xf — TH)yE — T&!;)}

i=1 t=1 i=1 t=1

(249
where
Ax :Q_—uzA +Q_—1/2

and

A " A 1
A=A, A A
eu ( eu ls)( _ Q’.SIQI.SM>
= Ai'r:u - Aie‘(,\)’ig lflieu'

Theorem 4. If Assumptions 1-2 and 6-7 hold, then VNT(B%, —B)
=N(O0, 61}).
The DOLS estimator for heterogeneous panels, %, can be obtained by
running the following regression:

4
$/ E :
yi= o+t B+ Ct‘ijﬁﬂ"'V)};a (25)

J==a;

where v# is defined similarly as in (18). Note that in (25) different lag
truncations, ¢;,, may have to be used because the error terms are heterogeneous
across i. Therefore, we need to assume that ¢; tends to infinity with 7 at a
suitable rate for al i

3
Assumption 8. g— o« asT— o such thatq—_l'_—>0, and

T e, =0 (26)

1j1>q;
for all i.

In the following theorem we show that B% also has the same limiting
distribution as [3%,,.
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Theorem 5. If Assumptions 1-2 and 6-8 hold, then V/NT(%—B)
=N(0, 61 ).

Remark 7. Theorems 4 and 5 show that the limiting distributions of B, and
B% are free of nuisance parameters.

Remark 8. We now consider a linear hypothesis that involves the elements of
the coefficient vector B. We show that hypothesis tests constructed using the
FMOLS and DOLS estimators have asymptotic chi-squared distributions. The
null hypothesis has the form:

HyRB=r, (27)

wherer isan mx 1 known vector and Ris a known mx k matrix describing the
restrictions. A natural test statistic of the Wald test using Bgy or Bp for
homogeneous panelsis

W%NTZ(RBD —'[RQ, QR RB, — . (28)

Remark 9. For the heterogeneous panels, a natural statistic using %, or %
to test the null hypothesisis

W*=éNT2<RB*z, — )RR’ RB% — 1) (29)

It is clear that W and W* converge in distribution to a chi-squared random
variable with m degrees of freedom, x2, as T— o and followed by N—
sequentially under the null hypothesis. Hence, we establish the following
results:

W= X
and

W= 2.

Because the FMOLS and the DOLS estimators have the same asymptotic
distributions, it is easy to verify that the Wald statistics based on the FMOLS
estimator share the same limiting distributions as those based on the DOLS
estimator.

V. MONTE CARLO SIMULATIONS

The ultimate goa of this Monte Carlo study is to compare the sample
properties of OLS, FMOLS, and DOL S for two models: a homogeneous panel
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and a heterogeneous panel. The smulations were performed by a Sun
SparcServer 1000 and an Ultra Enterprise 3000. GAUSS 3.2.31 and COINT 2.0
were used to perform the simulations. Random numbers for error terms,
(u%, e%), for Sections5 A, B and D, were generated by the GAUSS procedure
RNDNS. At each replication, we generated an N(7+ 1000) length of random
numbers and then split it into N series so that each series had the same mean
and variance. Thefirst 1, 000 observations were discarded for each series. {u*
and {&*} were constructed with u,,=0 and &,,=0.

In order to compare the performance of the OLS, FMOLS, and DOLS
estimators, the following data generating process (DGP) was used:

Y=y + Bxir + U
and
Xy =Xy—1+8;

where (u,, €,,) follows an ARMA(1, 1) process:

w\ (05 0\(wn), (i), (03 —04)(ui,
g,)] \0 05)\e,, g% 6, 06 J\&t_,
u¥ id 0 ’ 1 oy '

g% 0 oy |1

The design in (30) nests several important special cases. First, when (0.5 0>

with

0 05

is replaced by <8 8) and o,, is constant across i, then the DGP becomes the

homogeneous panel in Section 5A. Second, when (gs 0 2) is replaced by

0 0 . .
<0 0)’ and 6,, and o,, are random variable different across i, then the DGP

is the heterogeneous panel in Section 5D.
A. Homogeneous Panel

To compare the performance of the OLS, FMOLS, and DOLS estimators for
the homogeneous panel we conducted Monte Carlo experiments based on a
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design similar to that of Phillips & Hansen (1990) and Phillips & Loretan
(1991).

Yir= o+ B+ uy,

and
Xy =Xyp—1 T €
fori=1,..,N, t=1,...,T, where
i\ _ u’ . 03 —04\[ut_, (31)
g e* 0,, 0.6 e%_,
with

(o )

We generated o, from a uniform distribution, U[0, 10], and set B =2. From
Theorems 1-3 we know that the asymptotic results depend upon variances and
covariances of the errors i, and ;. The design in (31) is a good one since the
endogeneity of the system is controlled by only two parameters, 6,, and o,,. We
allowed 6,, and o, to vary and considered values of {0.8, 0.4, 0.0, — 0.8} for
6,, and {-0.8, -0.4, 0.4} for o,,.

The estimate of the long-run covariance matrix in (15) was obtained by using
the procedure KERNEL in COINT 2.0 with a Bartlett window. The lag
truncation number was set arbitrarily at five. Results with other kernels, such as
Parzen and quadratic spectral kernels, are not reported, because no essential
differences were found for most cases.

Next, we recorded the results from our Monte Carlo experiments that
examined the finite-sample properties of the OLS estimator, 3,,,; the FMOLS
estimator, 3,,,; and the DOL S estimator, 3,,. The results we report are based on
10,000 replications and are summarized in Tables 14 and Figures 1-8. The
FMOLS estimator was obtained by using a Bartlett window of lag length five
asin (15). Four lags and two leads were used for the DOL S estimator.

Table 1 reports the Monte Carlo means and standard deviations (in
parentheses) of (B~ B). (Bry—PB). and (B,—pB) for sample sizes
T=N=(20, 40, 60). The biases of the OL S estimator, [3,,, decrease at arate of
T. For example, with o,, =-0.8 and 6,, =0.8, the biasat T=20is-0.201 and at
T=40is-0.104. Also, the biases increase in 6,, (with 8,,>0) and decrease in
05y



Table1l. Means Biases and Standard Deviations of OLS, FMOLS, and DOLS Estimators

) 0, =-038 ) ) 0, =-0.4 . . 0,=0.8 .
Bows—B BraB BB BowsB Bra—B BB BowsB BeB BB
6,,=0.8
T=20 -0.201 -0.176 -0.001 -0.097 -0.113 -0.002 -0.022 —-0.069 —0.009
(0.049) (0.044) (0.040) (0.032) (0.035) (0.033) (0.011) (0.016) (0.009)
T=40 -0.104 —0.099 —0.000 —-0.049 —0.062 -0.001 -0.011 —-0.036 -0.004
(0.019) (0.017) (0.013) (0.012) (0.013) (0.011) (0.004) (0.006) (0.003)
T=60 -0.070 -0.069 —-0.000 -0.033 -0.042 —-0.000 -0.007 -0.024 —-0.003
(0.010) (0.009) (0.007) (0.007) (0.007) (0.006) (0.002) (0.003) (0.002)
6, =04
T=20 -0.132 -0.064 -0.001 -0.082 —0.068 —-0.002 -0.014 -0.073 —-0.003
(0.038) (0.025) (0.027) (0.030) (0.029) (0.031) (0.013) (0.018) (0.013)
T=40 —-0.066 -0.038 -0.001 -0.041 -0.038 -0.001 -0.007 -0.037 -0.001
(0.014) (0.009) (0.027) (0.011) (0.011) (0.009) (0.005) (0.006) (0.004)
T=60 -0.044 -0.027 —-0.000 -0.027 -0.026 —0.001 —0.005 -0.025 -0.001
(0.007) (0.005) (0.005) (0.006) (0.006) (0.005) (0.002) (0.003) (0.002)
6,,=0.0
T=20 -0.079 —0.002 0.001 —-0.059 -0.019 0.002 0.005 —-0.069 0.006
(0.027) (0.015) (0.017) (0.026) (0.022) (0.026) (0.016) (0.021) (0.017)
T=40 —-0.039 —-0.005 0.001 -0.029 -0.012 0.001 0.002 -0.035 0.003
(0.009) (0.005) (0.005) (0.009) (0.008) (0.008) (0.006) (0.007) (0.005)
T=60 -0.026 —-0.004 0.000 -0.019 —0.009 -0.001 0.001 -0.023 0.002
(0.005) (0.003) (0.003) (0.005) (0.004) (0.008) (0.003) (0.004) (0.003)
0, =-0.8
T=20 -0.029 0.038 0.007 -0.019 0.036 0.007 0.114 0.012 0.000
(0.016) (0.012) (0.008) (0.017) (0.015) (0.014) (0.034) (0.028) (0.031)
T=40 -0.015 0.018 0.003 —-0.009 0.018 0.003 0.057 0.011 —0.000
(0.006) (0.004) (0.002) (0.006) (0.005) (0.004) (0.012) (0.009) (0.009)
T=60 —0.009 0.011 0.002 —-0.007 0.012 0.002 0.038 0.010 0.000
(0.003) (0.002) (0.001) (0.003) (0.002) (0.002) (0.007) (0.005) (0.005)

Note: (8) N=T. (b) A lag length 5 of the Bartlett windows is used for the FMOLS estimator. (c) 4 lags and 2 leads are used for the DOLS esti-

mator.
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Table2. MeansBiases and Standard Deviations of OLS, FMOLS, and DOLS
Estimators for Different N and T

(NVT) B(IL.S'78 BFM(5)78 BFM(2)7S SD(4.2)7B BD(Z,])iB
(1,20) -0.135 -0.104 -0.122 -0.007 0.031
(0.184) (0.196) (0.189) (0.297) (0.212)
(1,40) -0.070 -0.059 -0.065 -0.001 0.015
(0.093) (0.012) (0.092) (0.106) (0.090)
(1,60) -0.047 -0.041 -0.043 -0.001 0.009
(0.063) (0.064) (0.062) (0.064) (0.057)
(1,120) -0.024 -0.023 -0.022 -0.001 0.004
(0.032) (0.031) (0.031) (0.029) (0.027)
(20,20) -0.082 -0.068 -0.075 -0.002 0.017
(0.030) (0.029) (0.029) (0.031) (0.028)
(20,40) -0.042 -0.039 -0.039 -0.001 0.008
(0.016) (0.015) (0.015) (0.015) (0.014)
(20,60) -0.028 -0.027 -0.026 -0.000 0.006
(0.010) (0.010) (0.009) (0.009) (0.009)
(20,120) -0.014 -0.014 -0.013 -0.000 0.003
(0.005) (0.005) (0.005) (0.005) (0.004)
(40,20) -0.081 -0.066 -0.073 -0.001 0.017
(0.022) (0.021) (0.022) (0.022) (0.019)
(40,40) -0.041 -0.038 -0.038 -0.001 0.008
(0.0112) (0.011) (0.011) (0.009) (0.009)
(40,60) -0.028 -0.026 -0.025 -0.001 0.005
(0.007) (0.007) (0.007) (0.007) (0.006)
(40,120) -0.014 -0.014 -0.013 -0.000 0.003
(0.004) (0.004) (0.003) (0.003) (0.004)
(60,20) -0.080 -0.067 -0.073 -0.002 0.016
(0.017) (0.017) (0.017) (0.018) (0.016)
(60,40) -0.041 -0.038 -0.038 -0.001 0.008
(0.009) (0.009) (0.009) (0.008) (0.008)
(60,60) -0.027 -0.026 -0.025 -0.001 0.005
(0.006) (0.006) (0.006) (0.005) (0.005)
(60,120) -0.014 -0.014 -0.012 -0.000 0.003
(0.003) (0.003) (0.003) (0.003) (0.003)
(120,20) -0.079 —0.066 -0.072 -0.002 0.016
(0.012) (0.012) (0.012) (0.012) (0.011)
(120,40) -0.041 -0.037 -0.037 -0.001 0.008
(0.006) (0.006) (0.006) (0.006) (0.005)
(120,60) -0.027 -0.026 -0.025 -0.001 0.005
(0.004) (0.004) (0.004) (0.004) (0.004)
(120,120) -0.014 -0.014 -0.013 -0.000 0.003
(0.002) (0.002) (0.002) (0.002) (0.002)

Note: (a) A lag length 5 and 2 of the Bartlett windows are used for the FMOL S(5) and FMOL S(2)
estimators. (b) 4lagsand 2 leads and 2 lags and 1 lead are used for the DOL S(4,2) and DOLS(2,1)

estimators. (¢) ,,=-0.4 and 6,,=0.4.



Table3. Means Biases and Standard Deviations of t-statistics
0, =—0.8 0, =—04 0,=0.8
oLS FMOLS DOLS oLS FMOLS DOLS oLS FMOLS DOLS
6,,=08
T=20 —7.247 —-5.594 -0.047 —4.650 -4.823 -0.086 -1.758 -7.927 —-1.049
(1.526) (1.330) (1.281) (1.393) (1.414) (1.423) (0.859) (1.719) (1.122)
T=40 -10.047 -8.435 -0.004 -6.503 -6.833 —0.069 —2.491 —11.584 -1.386
(1.484) (1.382) (1.119) (1.389) (1.366) (1.187) (0.847) (1.826) (1.006)
T=60 —12.250 —10.749 -0.004 —7.937 -8.429 -0.084 -3.030 —14.402 -1.633
(1.468) (1.439) (1.093) (1.397) (1.377) (1.135) (0.847) (1.840) (0.959)
0,,=0.4
T=20 -5.425 —2.377 -0.046 -3.905 -3.017 -0.124 -0.925 -6.864 -0.277
(1.340) (1.042) (1.132) (1.334) (1.282) (1.402) (0.867) (1.642) (1.203)
T=40 —7.507 —4.558 -0.017 —5.462 —4.401 -0.104 -1.336 —9.744 -0.362
(1.302) (1.071) (1.023) (1.325) (1.205) (1.168) (0.856) (1.665) (1.054)
T=60 -9.161 —-6.012 -0.009 —6.676 —5.489 -0.126 -1.626 —11.966 -0.408
(1.287) (1.109) (1.009) (1.329) (1.197) (1.118) (0.859) (1.644) (0.999)
6,,=0.0
T=20 -3.927 -0.145 0.054 —2.944 -1.006 0.096 0.277 -5.198 0.439
(1.200) (0.919) (0.993) (1.241) (1.180) (1.342) (0.897) (1.503) (1.277)
T=40 —5.453 -0.796 0.001 4134 -1.684 0.168 0.334 —7.086 0.547
(1.173) (0.888) (0.926) (1.229) (1.086) (1.134) (0.885) (1.441) (1.104)
T=60 —6.674 —1.294 0.147 -5.070 —2.198 0.199 0.405 -8.556 0.663
(1.161) (0.899) (0.927) (1.229) (1.065) (1.088) (0.891) (1.395) (1.047)
0,,=-0.8
T=20 —2.067 3.694 0.635 -1.229 2.893 0.530 4.495 0.542 0.013
(1.066) (1.201) (0.732) (1.084) (1.214) (1.107) (1.123) (1.209) (1.350)
T=40 -2.898 5.509 0.948 -1.758 4.041 0.741 6.255 1.349 -0.002
(1.050) (1.243) (0.712) (1.067) (1.161) (0.984) (1.088) (1.103) (1.160)
T=60 3574 7.130 1.236 —2.188 4.983 0.913 7.630 1.975 0.003
(1.040) (1.281) (0.737) (1.061) (1.143) (0.964) (1.092) (1.087) (1.109)

Note: (&) N =T. (b) A lag length 5 of the Bartlett windows is used for the FMOLS estimator. (c) 4 lags and 2 leads are used for the DOLS esti-

mator.
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Table4. Means Biases and Standard Deviations of t-statistics for Different

Nand T
(N,T) oLS FMOLS(5) FMOLS(2) DOLS(4,2) DOLS(2,1)
(1,20) -1.169 -1.264 -1.334 -0.304 0.232
(1.497) (2.326) (2.031) (3.224) (2.109)
(1,40 -1.116 -1.169 -1.232 -0.113 0.258
(1.380) (1.805) (1.738) (2.086) (1.689)
(1,60) -1.090 -1.162 -1.195 -0.071 0.254
(1.357) (1.692) (1.676) (1.778) (1.554)
(1,120) -1.092 -1.239 -1.217 -0.056 0.234
(1.333) (1.165) (1.652) (1.531) (1.448)
(20,20) -3.905 -3.017 -3.156 -0.124 0.695
(1.334) (1.281) (1.230) (1.402) (1.184)
(20,40) -3.934 -3.202 -3.169 -0.114 0.634
(1.307) (1.206) (1.200) (1.186) (1.099)
(20,60) -3.861 -3.202 —3.111 -0.053 0.677
(1.306) (1.150) (1.191) (1.122) (1.079)
(20,120) -3.893 -3.247 -3.141 -0.073 0.642
(1.312) (1.149) (1.209) (1.078) (1.061)
(40,20) —-5.439 -4.163 —4.342 -0.088 1.008
(1.347) (1.269) (1.226) (1.358) (1.169)
(40,40) —5.462 —4.401 —4.344 -0.104 0.928
(1.325) (1.205) (1.197) (1.168) (1.092)
(40,60) —5.457 —4.506 —4.339 -0.098 0.913
(1.328) (1.199) (1.192) (1.121) (1.081)
(40,120) —5.469 —4.647 —4.356 -0.106 0.879
(1.296) (1.190) (1.176) (1.050) (1.033)
(60,20) —6.677 —5.097 —5.314 -0.169 1.179
(1.329) (1.258) (1.208) (1.361) (1.162)
(60,40) —6.699 -5.384 -5.309 -0.162 1.097
(1.323) (1.204) (1.192) (1.169) (1.094)
(60,60) —6.676 -5.489 -5.289 -0.126 1.106
(1.329) (1.197) (1.192) (1.118) (1.074)
(60,120) —6.677 —5.656 -5.299 -0.115 1.083
(1.311) (1.196) (1.182) (1.056) (1.041)
(120,20) -9.407 -7.153 —7.446 -0.220 1.662
(1.350) (1.262) (1.215) (1.348) (1.163)
(120,40) -9.418 -7.753 -7.753 -0.193 1.565
(1.313) (1.171) (1.171) (1.157) (1.085)
(120,60) -9.411 -7.717 —7.429 -0.177 1.549
(1.310) (1.182) (1.174) (1.093) (1.053)
(120,120) -9.408 -7.932 7432 -0.152 1.530
(1.315) (1.195) (1.181) (1.057) (1.040)

Note: (a) A lag length 5 and 2 of the Bartlett windows are used for the FMOL S(5) and FMOL S(2)
estimators. (b) 4lagsand 2 leads and 2 lags and 1 lead are used for the DOL S(4,2) and DOLS(2,1)
estimators. (¢) ,,=-0.4 and 6,,=0.4.
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0.04

c0e

ONVIHO NIISH-NIW ® OVX YVWHIHO



0.02 0.04 0.06 0.08 0.10 0.12 0.14

0.00

l—

—4 0

Distribution of t-statistics with N =40, T =60.

uolrelBaluIo) pued

€02



0.02 0.04 0.06 0.08 0.10 0.12 0.14

0.00

~_ |

-0.025 —-0.020 -0.015 —-0.010 -0.005 0.000 0.005

Fig. 7. Distribution of biases of Estimators with N =40, T =120.
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While we expected the OL S estimator to be biased, we expected the FMOLS
estimator to produce much better estimates. However, it is noticeable that the
FMOLS estimator has a downward bias when 6,, >0 and an upward bias when
6,,<0. In general, the FMOLS estimator, 3,,, presents the same degree of
difficulty with bias as does the OLS estimator, 3,,;. For example, while the
FMOLS estimator, f,,, reduces the bias substantially and outperforms 3,
when 6,, >0 and o, <0, the opposite is true when 6,, >0 and o,, > 0. Likewise,
when 6,,=—-0.8, B,,, is less biased than B, for values of o, =-0.8. Yet, for
values of a,,=-0.4, the bias in B, is less than the bias in 3,,,. There seems
to be little to choose between 3, and 3,,, when 6,, <0. This is probably due
to the failure of the non-parametric correction procedure in the presence of a
negative serial correlation of the errors, i.e. a negative MA value, 6,,<0.
Finally, for the caseswhere 8,, = 0.0, 3,,, outperforms 3, When o, < 0. On the
other hand, f3,,, is more biased than 3, when o, > 0.

In contrast, the results in Table 1 show that the DOLS, B, is distinctly
superior to the OLS and FMOLS estimators for all cases in terms of the mean
biases. It was naoticeabl e that the FMOL S leads to a significant bias. Clearly, the
DOLS outperformed both the OLS and FMOLS estimators. The FMOLS
estimator is also complicated by the dependence of the correction in (11) and
(12) upon the preliminary estimator (here we use OLS), which may be biased
in finite samples. The DOLS differs from the FMOLS estimator in that the
DOLS requires no initial estimation and no non-parametric correction.

It is important to know the effects of the variations in panel dimensions on
the results, since the actual panel data have awide variety of cross-section and
time-series dimensions. Table 2 considers 20 different combinations for N and
T, each ranging from 20 to 120 with ¢,,=-0.4 and 6,, =0.4. First, we notice
that the cross-section dimension has a significant effect on the biases of
Bows: B ad B, when N is increased from 1 to 20. However, when N is
increased from 20 to 40 and beyond, there is little effect on the biases of
Bows: By and B,,. From this it seems that in practice the T dimension must
exceed the N dimension, especialy for the OLS and FMOLS estimators, in
order to get a good approximation of the limiting distributions of the
estimators. For example, for each of the estimatorsin Table 2, the reported bias
is substantialy less for (T'=120, N=40) than it is for either (T=40, N=40) or
(T=40, N=120). The results in Table 2 again confirm the superiority of the
DOLS. Thelargest biasin the DOL S with four lags and two leads, DOL S(4, 2),
isless than or equal to 0.02 for all cases except at N=1 and T=20, which can
be compared with a simulation standard error (in parentheses) that is less than
0.007 when N> 20 and, T> 60, confirming the accuracy of the DOLS(4, 2). The
biasesin DOL Swith two lags and one lead, DOL S(2, 1) start off dightly biased
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a N=1 and T=20, and converge to an amost unbiased coefficient estimate at
N=20 and T=40. The biases of DOLS(2, 1) move in the opposite direction to
those of DOL S(4, 2).

Figures 1, 3, 5 and 7 display estimated pdfs for the estimators for o,, =-0.4
and 6=0.4 with N=40 (T=20in Figure 1, T=40 in Figure 3, T=60 in Figure
5and T=120in Figure 7). In Figure 1, N=40, T=20, the DOL S is much better
centered than the OLS and FMOLS. In Figures 3, 5 and 7, the biases of the
OLS and FMOLS were reduced as T increases, the DOLS till dominates the
OLSand FMOLS.

Monte Carlo means and standard deviations of the ¢-statistic, ,_g , are given
in Table 3. Here, the OL S r-statistic is the conventiona ¢-statistic as printed by
standard statistical packages, and the FMOLS and DOLS ¢-statistics. With al
values of 0,, and o,,, the DOLS(4, 2) r-statistic is well approximated by a
standard N(O, 1) suggested from the asymptotic results. The DOLS(4, 2) #-
statistic is much closer to the standard normal density than the OLS ¢-statistic
and the FMOLS ¢-statistic. When 6,, > 0 and o,; <0, the OL S ¢-statistic is more
heavily biased than the FMOLS r-statistic. Again, when 6,, >0 and o,, >0, the
opposite is true. Even when 6,,=0, the FMOLS r-dtatistic is not well
approximated by a standard N(0, 1). The OLS ¢-statistic performs better than
the FMOLS ¢-statistic when ¢,,=0.8 and 6,, >0 and when ¢,,<-0.4 and 6,, =
-0.8, but not in other cases. The FMOL S #-statistic in genera does not perform
better than the OL S ¢-statistic.

Table 4 shows that both the OLS r-statistic and the FMOLS r-statistic
become more negatively biased as the dimension of cross-section N increases.
The heavily negative biases of the FMOLS r-statistic in Tables 34 again
indicate the poor performance of the FMOLS estimator. For the DOL S(4, 2),
the biases decrease rapidly and the standard errors converge to 1.0 as T
increases. Similar to Table 2, we observe from Table 4 that for the DOLS ¢-
statistic the T dimension is more important than the N dimension in reducing
the biases of the ¢-statistics. However, the improvement of the DOL S r-statistic
is rather marginal as T increases.

Figures 2, 4, 6 and 8 display estimated pdfs for the ¢-statistics for o,, =—0.4
and 6=0.4 with N=40 (T=20 in Figure 2, T=40 in Figure 4, T=60 in Figure
6 and T=120 in Figure 8). The figures show clearly that the DOLS r-statistic
iswell approximated by a standard N(0, 1) especialy as T increases. From the
results in Tables 2 and 4 and Figures 1-8 we note that the sequential limit
theory approximates the limiting distributions of the DOLS and its r-statistic
very well. .

It is known that when the length of time seriesis short the estimate () in (15)
may be sensitive to the length of the bandwidth. In Tables 2 and 4, we first
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investigate the sensitivity of the FMOL S estimator with respect to the choice of
length of the bandwidth. We extend the experiments by changing the lag length
from 5 to 2 for a Barlett window. Overall, the results show that changing the
lag length from 5 to 2 does not lead to substantial changes in biases for the
FMOLS estimator and its ¢-statistic. However, the biases of the DOLS
estimator and its ¢-statistic are reduced substantially when the lags and leads are
changed from (2, 1) to (4, 2) as predicted from Theorem 3. The results from
Tables 2 and 4 show that the DOL S method gives different estimates of 8 and
the r-stati stic depending on the number of lags and |eads we choose. This seems
to be a drawback of the DOLS estimator. Further research is needed on how to
choose the lags and leads for the DOL S estimator in the panel setting.

B. ARMA(1, 1) Error Terms

In this section, we look at simulations where, instead of the errors being
generated by an MA(1) process, like in (31), the errors are generated by an
ARMA(1,1) process, as in (30). One may question that the MA(1)
specification in (31) may be unfair to the FMOL S estimator. One of the reasons
why the performance of the DOLS is much better than that of the FMOLS lies
in the simulation design in (31), which assumes that the error terms are MA(1)
processes. If (u,, €;)" isan MA(L) process, then u,, can be written exactly with
three terms, ¢, |, &, and g,,,, and no lag truncation approximation is required
for the DOLS.

Tables 5 and 6 report the performance of OLS, FMOLS, and DOL S and their
t-statistics when the errors are generated by an ARMA(1, 1) process. Tables 5
and 6 show that the FMOL S estimator and its ¢-statistic are less biased than the
OL S estimator for most cases and is outperformed by the DOLS. Again, when
0,,>0.0 and o,, = 0.8 the FMOL S estimator and its z-statistic suffer from severe
biases. On the other hand, we observe that DOLS shows less improvement
compared with OLS and FMOLS, in contrast to Tables 1 and 3. However, the
good performance of DOLS may disappear for high order ARMA(p.q) error
process.

C. Non-normal Errors

In this section, we conduct an experiment where the error terms are non-
normal. The DGP is similar to that of Gonzalo (1994):



Table5. Means Biases and Standard Deviations of OLS, FMOLS, and DOLS Estimators

) 0'2;:—0.8 ) ) 042—0.4 ) ) U;1=O.8 .
Bows—B BB BB BowsB Brr B Br—B Bows—B BrB Br—B
6,=0.8
T=20 -0.110 -0.101 0.003 -0.049 -0.062 0.000 -0.009 -0.036 -0.003
(0.042) (0.038) (0.037) (0.029) (0.020) (0.030) (0.011) (0.012) (0.009)
T=40 -0.052 -0.052 0.001 -0.024 -0.031 0.000 -0.004 -0.017 -0.001
(0.015) (0.019) (0.012) (0.020) (0.011) (0.010) (0.004) (0.004) (0.003)
T=60 -0.034 -0.035 0.000 -0.015 -0.021 —-0.000 -0.003 -0.012 -0.001
(0.008) (0.008) (0.007) (0.006) (0.006) (0.005) (0.002) (0.002) (0.002)
6,=04
T=20 -0.073 -0.039 0.001 —0.045 -0.038 —-0.000 —0.006 -0.037 -0.001
(0.032) (0.029) (0.029) (0.028) (0.027) (0.028) (0.013) (0.019) (0.012)
T=40 -0.034 -0.020 0.000 -0.021 -0.019 —-0.000 -0.002 -0.017 -0.001
(0.011) (0.008) (0.008) (0.0210) (0.009) (0.009) (0.004) (0.004) (0.004)
T=60 -0.022 -0.013 0.000 -0.013 -0.012 —-0.000 -0.002 -0.012 -0.000
(0.006) (0.004) (0.004) (0.005) (0.005) (0.005) (0.002) (0.002) (0.002)
0,,=0.0
T=20 -0.046 —-0.006 0.001 -0.035 -0.013 0.001 -0.001 -0.034 0.003
(0.025) (0.015) (0.015) (0.025) (0.022) (0.023) (0.016) (0.016) (0.015)
T=40 -0.021 -0.003 0.000 -0.016 -0.006 0.001 -0.001 -0.016 0.001
(0.009) (0.005) (0.005) (0.008) (0.007) (0.008) (0.006) (0.005) (0.005)
T=60 -0.014 -0.002 0.001 -0.011 -0.004 0.001 -0.000 -0.010 0.002
(0.005) (0.003) (0.003) (0.005) (0.004) (0.004) (0.003) (0.003) (0.003)
0,,=-0.8
T=20 -0.020 0.017 0.002 -0.016 0.017 0.003 0.035 0.012 0.000
(0.016) (0.009) (0.007) (0.017) (0.013) (0.012) (0.024) (0.024) (0.031)
T=40 —0.008 0.008 0.002 -0.007 0.008 0.001 0.016 0.007 —0.000
(0.005) (0.003) (0.002) (0.006) (0.004) (0.004) (0.009) (0.009) (0.009)
T=60 —0.006 0.005 0.001 -0.005 0.005 0.001 0.011 0.005 0.000
(0.003) (0.002) (0.001) (0.003) (0.002) (0.002) (0.005) (0.005) (0.005)

Note: (8) N =T. (b) A lag length 5 of the Bartlett windows is used for the FMOLS estimator. (c) 4 lags and 2 leads are used for the DOLS

estimator. (d) The error terms are generated by an ARMA(1,1) process from equation (27).
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Table6. Means Biases and Standard Deviations of t-statistics
0, =-0.8 oy =-04 0,,=0.8
oLS FMOLS DOLS oLS FMOLS DOLS oLS FMOLS DOLS
6,,=08
T=20 -5.316 —-3.569 0.119 -3.411 —2.912 0.006 -1.158 —4.589 -0.347
(1.929) (1.323) (1.290) (1.924) (1.390) (1.417) (1.426) (1.420) (1.139)
T=40 —7.013 —4.601 0.090 —4.583 —3.580 0.009 -1.723 —-6.144 —0.505
(1.903) (1.219) (1.119) (1.949) (1.216) (1.166) (1.445) (1.343) (1.011)
T=60 -8.437 -5.22 0.068 -5.523 —4.206 -0.006 —-2.097 —7.428 -0.603
(1.899) (1.195) (1.077) (1.969) (1.178) (1.111) (1.435) (1.294) (0.978)
0,,=0.4
T=20 —4.152 -1.857 0.056 -3.064 -1.877 -0.025 -0.705 -3.858 -0.068
(1.762) (1.106) (1.132) (1.867) (1.314) (1.388) (1.454) (1.373) (1.208)
T=40 —5.424 —2576 0.045 —4.069 —2.346 -0.011 —1.099 —5.034 -0.134
(1.733) (1.044) (1.027) (1.880) (1.149) (1.152) (1.479) (1.268) (1.053)
T=60 -6.521 -3.179 0.034 —4.899 —2.779 -0.027 -1.343 —-6.016 -0.144
(1.721) (1.036) (1.004) (1.898) (1.114) (1.096) (1.473) (1.211) (1.014)
6,,=0.0
T=20 -3.184 -0.353 0.034 —2.538 -0.732 0.038 -0.047 —2.825 0.230
(1.644) (0.952) (0.956) (1.769) (1.226) (1.313) (1.498) (1.327) (1.276)
T=40 —4.120 -0.624 0.047 —3.327 -0.967 0.075 -0.194 —3557 0.212
(1.616) (0.897) (0.909) 1.772) (1.085) (1.116) (1.528) (1.194) (1.095)
T=60 —4.952 -0.827 0.058 —4.131 —1.141 0.206 -0.064 —4.005 0.693
(1.599) (0.904) (0.913) (1.746) (1.021) (1.118) (1.498) (1.096) (1.094)
0,,=-0.8
T=20 -1.956 1.733 0.214 —~1.496 1.429 0.221 2.315 0.564 0.002
(1.529) (0.933) (0.663) (1.589) (1.015) (1.052) (1.577) (1.195) (1.551)
T=40 —2.471 2511 0.317 -1.888 1.917 0.294 3.089 0.876 -0.005
(1.507) (0.871) (0.664) (1.578) (1.010) (0.956) (1.644) (1.088) (1.239)
T=60 —2.966 3.270 0.428 —2.267 2.237 0.363 3.736 1132 0.003
(1.484) (0.897) (0.694) (1.571) (0.999) (0.941) (1.676) (1.062) (1.155)

Note: (a) N =T. (b) A lag length 5 of the Bartlett windows is used for the FMOLS estimator. (c) 4 lags and 2 leads are used for the DOLS

estimator. (d) The error terms are generated by an ARMA(1,1) process from eguation (27).
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e\ _(wi), (03 04) (i ’ (32)
e.) \&% 6 0.6 /\&%,

1 012
wi=| — ]0.58%+ (1-0.5%) 2% *,

(0}

and
gt=get¥,

where u** and e%* are independent exponential random variables with a
parameter 1. The results from Tables 7-8 show that while the DOL S estimator
performs better in terms of the biases, the distribution of the DOLS r-statistic
is far from the asymptotic N(O, 1). The standard deviations of the DOLS ¢-
stetistic are badly underestimated.

To summarize the results so far, it would appear that the DOLS estimator is
the best estimator overal, though the standard error for the DOLS r-statistic
shows significant downward bias when the error terms are generated from non-
normal distributions.

D. Heterogeneous Panel

In Sections A—C we compare the small sample properties of the OLS, FMOLS,
and DOLS estimators and conclude that the DOLS estimator and its r-statistic
generally exhibit the least bias. One of the reasons for the poor performance of
the FMOLS estimator in the homogeneous panel is that the FMOLS estimator
needs to use a kernel estimator for the asymptotic covariance matrix, while the
DOLS does not. By contrast, for the heterogeneous panel both DOLS in (20)
and OLS in (33) use kernel estimators. Consequently, one may expect that the
much better performance of the DOL S estimator in Sections 5A-C islimited to
only very speciaized cases, e.g. in the homogeneous panel. To test this, we now
compare the performance of the OLS, FMOLS, and DOLS estimators for a
heterogeneous panel using Monte Carlo experiments similar to thosein Section
5A. The DGPis

Y=o+ B+ uy,
and

X=X +8;

fori=1,...,N,t=1,...T, where



Table7. Means Biases and Standard Deviations of OLS, FMOLS, and DOLS Estimators

) o= 0.25 ) ) ({20.5 . . A(r=l .
BosB BB BB Bows—B BrB BB Bows—B BrrB Br—B
0,,=0.8
T=20 -0.005 -0.011 -0.000 -0.002 -0.007 -0.000 -0.001 -0.004 -0.000
(0.009) (0.009) (0.002) (0.006) (0.006) (0.003) (0.003) (0.003) (0.002)
T=40 -0.001 -0.003 -0.000 -0.001 0.002 -0.028 -0.000 -0.001 -0.000
(0.002) (0.002) (0.000) (0.001) (0.001) (0.001) (0.002) (0.001) (0.000)
T=60 -0.001 -0.001 -0.000 —0.000 -0.001 -0.000 —0.000 -0.001 -0.000
(0.001) (0.001) (0.000) (0.001) (0.001) (0.000) (0.000) (0.000) (0.000)
6,=04
T=20 -0.002 -0.008 -0.001 -0.002 -0.008 -0.000 -0.001 -0.005 -0.000
(0.009) (0.009) (0.005) (0.009) (0.009) (0.005) (0.004) (0.004) (0.002)
T=40 -0.002 -0.005 -0.000 —0.000 -0.002 -0.000 -0.000 -0.001 -0.000
(0.004) (0.004) (0.002) (0.002) (0.002) (0.002) (0.002) (0.001) (0.001)
T=60 -0.001 -0.002 —-0.000 -0.000 -0.001 -0.000 -0.000 -0.001 -0.000
(0.002) (0.002) (0.001) (0.001) (0.001) (0.001) (0.000) (0.000) (0.000)
6,,=0.0
T=20 0.012 -0.010 0.001 0.005 -0.007 0.001 0.001 —-0.005 0.000
(0.058) (0.057) (0.054) (0.017) (0.016) (0.019) (0.005) (0.005) (0.003)
T=40 0.003 -0.002 0.000 0.001 -0.002 0.000 0.000 -0.001 0.000
(0.014) (0.014) (0.013) (0.004) (0.004) (0.003) (0.001) (0.001) (0.001)
T=60 0.001 -0.001 0.000 0.001 -0.001 -0.000 0.000 -0.001 0.000
(0.007) (0.007) (0.006) (0.002) (0.002) (0.002) (0.001) (0.001) (0.000)
0,,=-0.8
T=20 0.011 0.022 —-0.000 0.034 0.049 0.001 0.039 0.008 0.000
(0.013) (0.012) (0.002) (0.020) (0.019) (0.013) (0.016) (0.014) (0.013)
T=40 0.003 0.006 0.000 0.009 0.014 0.000 0.012 0.003 -0.000
(0.003) (0.003) (0.001) (0.005) (0.005) (0.003) (0.004) (0.004) (0.003)
T=60 0.001 0.003 0.000 0.004 0.007 0.000 0.005 0.002 -0.000
(0.001) (0.001) (0.000) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002)

Note: (a) N =T. (b) A lag length 5 of the Bartlett windows is used for the FMOLS estimator. (c) 4 lags and 2 leads are used for the DOLS
estimator. (d) The error terms are non-normal.
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Table8. Means Biases and Standard Deviations of t-statistics

o=0.25 o=05 o=1
OLS FMOLS DOLS oLS FMOLS DOLS OLS FMOLS DOLS
T=20 -0.699 -1.248 -0.006 -0.472 -1.055 -0.039 -0.406 -1.265 -0.118
(1.311) (0.940) (0.209) (1.245) (0.931) (0.421) (1.040) (0.925) (0.520)
T=40 -0.717 -0.892 -0.002 -0.484 -0.752 -0.003 -0.424 -0.918 -0.096
(1.253) (0.599) (0.139) (2.191) (0.597) (0.276) (0.981) (0.588) (0.336)
T=60 -0.741 -0.738 -0.002 -0.506 -0.623 -0.028 -0.445 -0.764 -0.088
(1.267) (0.488) (0.113) (2.199) (0.483) (0.227) (0.979) (0.472) (0.276)
0,=04
T=20 -0.259 -0.884 -0.071 -0.259 -0.884 -0.071 -0.199 -1.152 -0.019
(1.243) (0.932) (0.561) (2.243) (0.932) (0.561) (1.040) (0.927) (0.567)
T=40 -0.587 -0.787 -0.007 -0.268 -0.626 -0.054 -0.213 -0.831 -0.016
(1.250) (0.599) (0.230) (1.189) (0.599) (0.363) (0.981) (0.589) (0.368)
T=60 -0.611 -0.651 -0.008 -0.289 -0.519 -0.052 -0.232 -0.692 -0.020
(1.264) (0.488) (0.188) (2.197) (0.485) (0.299) (0.978) (0.474) (0.304)
6,,=0.0
T=20 0.275 -0.164 0.014 0.340 -0.398 0.031 0.145 -0.961 0.066
(1.271) (0.941) (0.896) (1.236) (0.941) (0.784) (1.041) (0.931) (0.619)
T=40 0.282 -0.106 0.013 0.347 -0.268 0.025 0.141 -0.685 0.053
(1.231) (0.616) (0.579) (1.186) (0.611) (0.509) (0.982) (0.594) (0.407)
T=60 0.264 -0.093 0.002 0.332 -0.226 0.013 0.125 -0.570 0.039
(1.248) (0.505) 0.477) (2.193) (0.497) (0.421) (0.978) (0.478) (0.337)
6,,=-0.8
T=20 1.104 1.714 —-0.000 2.286 2.528 0.035 2.749 0.539 0.026
(1.326) (0.951) (0.189) (2.278) (0.976) (0.650) (1.067) (0.984) (0.899)
T=40 1134 1.249 0.001 2.368 1.947 0.035 2.946 0.598 0.008
(1.262) (0.605) (0.126) (2.208) (0.633) (0.446) (0.992) (0.672) (0.624)
T=60 1.163 1.036 0.001 2416 1.637 0.033 3.011 0.538 -0.002
(1.274) (0.492) (0.102) (2.219) (0.513) (0.363) (0.981) (0.554) (0.525)

Note: (&) N=T. (b) A lag length 5 of the Bartlett windows is used for the FMOLS estimator. (c) 4 lags and 2 leads are used for the DOLS

estimator. (d) The error terms are non-normal.
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Asin Section A, we generated o, from a uniform distribution, U[0, 10], and set
B =2. In this section, we allowed 6,, and o, to be random in order to generate
the heterogeneous panel, i.e. both 6,, and o,, are generated from a uniform
distribution, U[-0.8, 0.8]. We hold these values fixed in simulations. An
estimate of Q,=3,+1",+ T/, (), was obtained by the COINT 2.0 with a Bartlett
window. The lag truncation number was set at 5.

The three estimators considered arethe FMOLS, DOLS, and the OL S, where
the OLS is defined as

N T O N T
Biss= [2 D (i —w (- >'] [2 D i — e )(y*?,*)]

i=1 =1 i=1 =1
(33)

with

T
with x%* =w,x,, y&*=wy,, X%* =%2 x¥* - and wi=[fl{1]“. Two FMOL

t=1
estimators will be considered, one using the lag length of 5 (FMOLS(5)), the
second using the lag length of 2 (FMOLS(2)). Two DOLS estimators are also
considered: DOLS with four lags and two leads, DOLS(4, 2) and DOLS with
two lags and one lead, DOLS(2, 1). The relatively good performance of the
DOLS estimator in a homogeneous panel can also be observed in Table 9. The
biases of the OLS and FMOLS estimators are substantial. Again, the DOLS
outperforms the OLS and FMOLS. Note from Table 9 that the FMOLS always
has more bias than the OLS for all N and T except when N=1. The poor
performance of the FMOLS in the heterogenous panels indicates that the
FMOLS in Section 4 is not recommended in practice. A possible reason for the
poor performance of the FMOLS in heterogenous panels is that it has to go
through two non-parametric corrections, as in (22) and (23). Therefore the
failure of the non-parametric correction could be very severe for the FMOLS
estimator in heterogenous panels. Pedroni (1996) proposed severa aternative
versions of the FMOLS estimator such as an FMOLS estimator based on the
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Table9. MeansBiases and Standard Deviations of OLS, FMOLS, and DOLS
Estimators for Different N and T in a Heterogeneous Panel

(N,T) BB BB BB BhuaB Bhan—B
(1,20) -0.102 0.076 -0.008 -0.011 0.004
(0.163) (0.319) (0.212) (0.405) (0.264)
(1,40) -0.052 0.006 -0.018 0.001 0.006
(0.079) (0.116) (0.084) (0.121) (0.099)
(1,60) -0.035 -0.004 -0.014 0.001 0.005
(0.052) (0.066) (0.050) (0.072) (0.061)
(1,120) -0.018 -0.008 -0.009 0.000 0.002
(0.026) (0.027) (0.023) (0.030) (0.029)
(20,20) -0.025 -0.069 -0.073 -0.000 0.006
(0.032) (0.054) (0.034) (0.054) (0.040)
(20,40) -0.016 -0.041 -0.035 -0.001 0.004
(0.014) (0.019) (0.014) (0.020) (0.017)
(20,60) -0.012 -0.028 -0.023 -0.000 0.003
(0.009) (0.012) (0.009) (0.012) (0.0112)
(20,120) -0.006 -0.014 -0.011 ~0.000 0.002
(0.004) (0.005) (0.004) (0.005) (0.005)
(40,20) -0.023 -0.089 -0.083 0.000 0.007
(0.024) (0.038) (0.024) (0.038) (0.028)
(40,40) -0.015 -0.048 -0.039 -0.001 0.004
(0.009) (0.013) (0.009) (0.014) (0.012)
(40,60) -0.013 -0.032 -0.026 0.000 0.003
(0.006) (0.008) (0.0086) (0.009) (0.008)
(40,120) -0.014 -0.014 -0.012 -0.000 0.002
(0.004) (0.004) (0.003) (0.003) (0.004)
(60,20) -0.023 -0.073 -0.074 0.001 0.006
(0.019) (0.031) (0.019) (0.031) (0.023)
(60,40) -0.015 -0.042 -0.036 -0.001 0.004
(0.008) (0.0112) (0.008) (0.011) (0.009)
(60,60) -0.011 -0.029 -0.023 -0.000 0.003
(0.005) (0.006) (0.005) (0.007) (0.006)
(60,120) -0.006 -0.014 -0.011 -0.000 0.002
(0.002) (0.003) (0.002) (0.003) (0.003)
(120,20) -0.022 -0.075 -0.072 0.001 0.016
(0.014) (0.003) (0.022) (0.022) (0.0112)
(120,40) -0.015 -0.042 -0.036 -0.001 0.004
(0.006) (0.008) (0.006) (0.008) (0.007)
(120,60) -0.011 -0.029 -0.024 -0.000 0.003
(0.004) (0.004) (0.004) (0.005) (0.004)
(120,120) -0.006 -0.014 -0.011 -0.000 0.002
(0.002) (0.002) (0.002) (0.002) (0.002)

Note: (a) A lag length 5 and 2 of the Bartlett windows are used for the FMOL S(5) and FMOL S(2)
estimators. (b) 4lagsand 2 leads and 2 lags and 1 lead are used for the DOL S(4,2) and DOLS(2,1)
estimators. (¢) o,, ~ U[-0.8,0.8] and 6,, ~ U[-0.8,0.8].
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transformation of the estimated residuals and a group-mean based FMOLS
estimator. It would be interesting to study further the issues of estimation and
inference in heterogenous panels. However, it goes beyond the scope of this
chapter.

From Table 10, we note that the DOLS r-statistics tend to have heavier tails
than predicted by the asymptotic distribution theory, though the bias of the
DOLS r-statistic is much lower than those of the OLS and FMOLS ¢-statistics.

It appearsthat the DOLS till isthe best estimator overall in a heterogeneous
panedl.

V. CONCLUSION

This chapter discusses limiting distributions for the OLS, FMOLS, and DOLS
estimators in a cointegrated regression. We also investigate the finite sample
proprieties of the OLS, FMOLS, and DOLS estimators. The results from
Monte Carlo simulations can be summarized as follows: First, for the
homogeneous panel, when the seria correlation parameter, 6,,, and the
endogeneity parameter, o,,, are both negative, the OLS is the most biased
estimator. The OLS is biased in aimost al cases for the heterogenous panel.
Second, the FMOLS is more biased than the OLS when 6,,>0 and o,, >0 for
the homogeneous panel. The FMOLS is severely biased for the heterogenous
panel in amost al trials. This indicates the failure of the parametric correction
is very serious, especialy in the heterogenous panel. Third, DOLS performs
very well in al cases for both the homogeneous and heterogenous panels.
Adding the number of leads and lags reduces the bias of the DOLS
substantially. This was predicted by the asymptotic theory in Theorem 3.
Fourth, the sequential limit theory approximates the limit distributions of the
DOLS and its ¢-statistic very well. All in all, our findings are summarized as
follows:

(i) The OLS estimator has a hon-negligible bias in finite samples.

(ii) The FMOLS estimator does not improve over the OLS estimator in
general.

(iii) The FM estimator is complicated by the dependence of the correction
terms upon the preliminary estimator (here we use OLS), which may be
very biased in finite samples with panel data. More serioudly, the failure
of the non-parametric correction for the FM in panel data could be severe.
This indicates that the DOLS estimator may be more promising than the
OLS or FMOLS estimators in estimating cointegrated panel regressions.
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Table 10. Means Biases and Standard Deviations of t-statistics for Different
N and T in a Heterogeneous Panel

(N,T) oLS FMOLS(5) FMOLS(2)  DOLS(4,2)  DOLS(2,1)
(1,20) -0.893 0.588 -0.058 -0.093 0.029
(1.390) (2.473) (1.643) (3.303) (2.156)
(1,40) -0.861 0.101 0.280 0.009 0.106
(1.265) (1.849) (1.331) (1.980) (1.618)
(1,60) -0.844 -0.095 -0.347 0.016 0.119
(1.233) (1.579) (1.207) (1.729) (1.489)
(1,120) -0.845 -0.372 -0.459 0.016 0.101
(1.212) (1.336) (1.139) (1.510) (1.405)
(20,20) 1221 —2.411 —2.530 0.010 0.219
(1578) (1.902) (1.192) (1.983) (1.468)
(20,40) ~1.629 —2.899 —2518 ~0.059 0.271
(1.344) (1.345) (0.999) (1.485) (1.259)
(20,60) -1.774 -3031 —2.508 0.004 0.347
(1.282) (1.195) (0.952) (1.329) (1.184)
(20,120) ~1.957 -3.095 —2.466 0.046 0.393
(1.239) (1.047) (0.907) (1.197) (1.121)
(40,20) ~1.612 —4.381 —4.079 0.039 0.365
(1.640) (1.882) (1.191) (1.987) (1.466)
(40,40) —2.194 -4.807 -3.969 -0.068 0.432
(1.392) (1.341) (1.004) (1.472) (1.233)
(40,60) —2.417 —4.905 -3.932 0.007 0515
(1.306) (1.199) (0.960) (1.319) (1.169)
(40,120) -2.832 -4.886 -3.839 0.099 0.608
(1.234) (1.059) (0.911) (1.181) (1.099)
(60,20) -1.946 —4.408 —4.474 0.041 0.408
(1.697) (1.884) (1.182) (1.932) (1.449)
(60,40) 2715 5171 —4.407 -0.110 0472
(1.389) (1.320) (0.976) (1.452) (1.221)
(60,60) ~3.045 —5.361 -4.380 -0.027 0572
(1.328) (1.170) (0.933) (1.307) (1.165)
(60,120) ~3.346 —5.420 -4.281 0.105 0.697
(1.250) (1.033) (0.889) (1.181) (1.099)
(120,20) —2675 —6.382 —6.383 0.073 0.580
(1.720) (1.878) (1.169) (1.939) (1.439)
(120,40) -3.802 ~7.399 —6.272 -0.145 0.683
(1.408) (1.314) (0.967) (1.444) (1.215)
(120,60) —4.269 ~7.633 —6.209 -0.047 0.803
(1.336) (1.162) (0.931) (1.307) (1.165)
(120,120) 4715 —7.723 —6.084 0.136 0.977
(1.250) (1.045) (0.897) (1.178) (1.098)

Note: (a) A lag length 5 and 2 of the Bartlett windows are used for the FMOL S(5) and FMOL S(2)
estimators. (b) 4 lagsand 2 leads and 2 lags and 1 |ead are used for the DOL S(4,2) and DOLS(2,1)
estimators. (C) o, ~ U[-0.8,0.8] and 6,, ~ U[-0.8,0.8].
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APPENDI X
Proof of Theorem 3

First we write (19) in vector form:
yizeow,+xp+7Z,C+v,
=xB+ZD+v,; (say),

wherey,, isaT x 1 vector of y,; e a isTx 1 unit vector; Z,, isthe T'x 2g matrix
of observationsonthe 2 x g regressors Ax;,_,, - - -, Ax,,,; X; isavector of Tx k
of x,; Cisa (2xg)x1 vector of c¢; v, is a Tx1 vector of v,; Z is a

Tx(2xq+1) matrix, Z=(e Z,); and D is a (2xg+1)x1 vector of
parameters. Let Q,=1— Z(Z/Z) 'Z.. It follows that

Bp—B)= [2 (x:Qixi)] [2 (x:ini)}.

We rescale (B, — B) by V/NT to get



220 CHIHWA KAO & MIN-HSIEN CHIANG

- N N
A I IR I B R
VNT(B, — B)= NE - (xiQ,-xi)] [\/N v T(x,-ini)}

i=1

(1 < -1 | <
= _N; Cﬁir] [VNNZ CSiTi|
= [Eovr] [V Nésurl,

N N
1 1 1 1
where §5NT=N Z Csirs Csir= T (X0, £6NT=N Z Cor» AN Lgir= T (x/0:x)).

Observe that from Saikkonen (1991)

1
Coir= T (x;0:x)

1
= P ('xl,WT‘xl) + 0])(1)

1 <
=5 > (= D)~ 5 + o)

t=q+1

and
L= (110
ST (x/Ov)

1
=5 W) +o,(1)

T—q
1
== D =5 +o, )

t=q+1

= J B.dB},,
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asT— oo for al i, where B,=B,, — JBE,. and Wy=I,— - ee Then applying

N

the multivariate Lindeberg-Levy central limit theorem to —— f B,dB;, and

1 - =
combining this with the limit of N 2 B, B!, asin Theorem 2, we have

B.dB;, N(0, 6Q,'Q)
[ 2 8! Sl] [\/N J ut ] = ( Uu.: 8)

as N— oo, It follows that using the sequentia limit theory
VNT(B, — B)=N(0, 60,'Q,,)
asrequired. W

Proof of Theorem 5

The proof is the same as that of Theorem 3. First, similar to Theorem 3, we
write (25) in vector form:

yi=eq,; +x*B+Z*C+v*
=x¥B+Z¥D +v* (say),

and define y¥, e, Z%, x*, C, v¥, Z*, Z,, D, and Q* asin the proof of Theorem 3.

iq?
Then we have:

VNT(R% - B)= —2 s (FpQix ,*)] [\/Tv 2 (X*’Q*V*)}

= _]]VZ Csir\]l[wllvz §7iTi|

= [gsNT] ! [\/N§7Nr]s

N

N
1 1 1
where ‘§7NT = N E C7iT7 C7iT= ? (XT 'Qik "’75’ §8NT= N Z gsm and

i=1

Lir=1 (FT'QTx).
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Observe that from Assumption 8, we have

1 !
Coir= F (xF'Q¥xH

1
=F ('x>1k, Wﬂ;xik) + Op(l)

T—gqi

1
= D, W= ®E -5 +o,(1)
t=q;j+1
:>JW1'VVL"
and
1 e
€m=; (xF'QFVH
! ' W, %) +0 (1)
_T i TVi P
1 T—gq;
= D, WE=FiE+o )
t=gj+1

= J wav,

as T— oo for all i. The remainder of the proof follows that of Theorem 3.
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