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Devwudfw

Wklv sdshu sursrvhv d uhvlgxdo0edvhg Odjudqjh Pxowlsolhu +OP, whvw iru

wkh qxoo ri frlqwhjudwlrq lq sdqho gdwd1 Wkh whvw lv dqdorjrxv wr wkh orfdoo|

ehvw xqeldvhg lqyduldqw +OEXL, iru d prylqj dyhudjh +PD, xqlw urrw1 Wkh

dv|pswrwlf glvwulexwlrq ri wkh whvw lv ghulyhg xqghu wkh qxoo1 Prqwh Fduor

vlpxodwlrqv duh shuiruphg wr vwxg| wkh vl}h dqg srzhu surshuwlhv ri wkh

sursrvhg whvw1

Ryhudoo/ wkh hpslulfdo vl}hv ri wkh OP0IP dqg OP0GROV duh forvh wr

wkh wuxh vl}h hyhq lq vpdoo vdpsohv1 Wkh srzhu lv txlwh jrrg iru wkh sdqhov

zkhuh A D Df/ dqg ghfhqw zlwk sdqhov iru ihzhu revhuydwlrqv lq A 1 Lq rxu

�{hg vdpsoh ri � ' Df dqg A ' Df/ wkh suhvhqfh ri d prylqj dyhudjh

dqg fruuhodwlrq ehwzhhq wkh uhjuhvvru huuruv dqg uhjuhvvruv fdxvhv wkh wzr

whvwv wr shuirup txlwh gl�huhqwo|/ frpsolfdwlqj wkh fkrlfh ri hvwlpdwlrq

surfhgxuhv1 Lq jhqhudo/ wkh OP0GROV whvw vhhpv wr eh ehwwhu dw fruuhfwlqj

wkhvh h�hfwv/ dowkrxjk lq vrph fdvhv wkh OP0IP whvw lv pruh srzhuixo1

Dowkrxjk pxfk ri wkh qrq0vwdwlrqdu| wlph vhulhv hfrqrphwulfv kdv ehhq

fulwlfl}hg iru kdylqj pruh wr gr zlwk wkh vshfl�f surshuwlhv ri wkh gdwd

vhw udwkhu wkdq xqghuo|lqj hfrqrplf prghov/ wkh uhfhqw ghyhorsphqw ri
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wkh frlqwhjudwlrq olwhudwxuh kdv doorzhg iru d frqfuhwh eulgjh ehwzhhq hfr0

qrplf orqj uxq wkhru| dqg wlph vhulhv phwkrgv1 Rxu whvw qrz doorzv iru

wkh whvwlqj ri wkh qxoo ri frlqwhjudwlrq lq d sdqho vhwwlqj dqg vkrxog eh ri

frqvlghudeoh lqwhuhvw wr hfrqrplvwv lq d zlgh ydulhw| ri �hogv1

4 Lqwurgxfwlrq

Hydoxdwlqj wkh vwdwlvwlfdo surshuwlhv ri gdwd dorqj wkh wlph glphqvlrq kdv suryhq

wr eh yhu| gl�huhqw iurp dqdo|vlv lq wkh furvv0vhfwlrq glphqvlrq1 Dv hfrqrplvwv

kdyh jdlqhg dffhvv wr ehwwhu gdwd zlwk pruh revhuydwlrqv dfurvv wlph/ xqghu0

vwdqglqj wkhvh surshuwlhv kdv jurzq lqfuhdvlqjo| lpsruwdqw1 Dq duhd ri sduwlf0

xodu frqfhuq lq wlph vhulhv hfrqrphwulfv lv wkh xvh ri qrq0vwdwlrqdu| gdwd1 Zlwk

wkh ghvluh wr vwxg| wkh ehkdylru ri d furvv0vhfwlrq ri revhuydwlrqv ryhu wlph

dqg wkh lqfuhdvhg xvh ri sdqho gdwd/ rqh qhz uhvhdufk duhd lv h{dplqlqj wkh

surshuwlhv ri qrq0vwdwlrqdu| wlph vhulhv gdwd lq sdqho irup1 Lw lv dq lqwuljxlqj

txhvwlrq wr dvn= krz h{dfwo| grhv wklv k|eulg vw|oh ri gdwd frpelqh wkh vwd0

wlvwlfdo hohphqwv ri wudglwlrqdo furvv0vhfwlrqdo dqdo|vlv dqg wlph vhulhv dqdo|vlvB

Lq sduwlfxodu/ zkdw lv wkh fruuhfw zd| wr dqdo|}h qrq0vwdwlrqdulw|/ wkh vsxulrxv

uhjuhvvlrq sureohp/ dqg frlqwhjudwlrq lq sdqho gdwdB

Wkhuh duh d ihz vwdwlvwlfdo surfhgxuhv wkdw whvw iru wkh suhvhqfh ri xqlwv

lq sdqho gdwd lq wkh olwhudwxuh/ h1j1/ Txdk +4<<7,/ Euhlwxqj dqg Ph|hu +4<<7,/

Ohylq dqg Olq +4<<6,/ Lp Shvdudq dqg Vklq +4<<8, dqg Pdggdod dqg Zx +4<<9,1

Uhfhqwo|/ Ndr +4<<:, dqg Shgurql +4<<8, kdyh sursrvhg uhvlgxdo0edvhg whvwv iru

frlqwhjudwlrq lq sdqho gdwd1 Krzhyhu/ doo ri wkhvh whvwv zrun iurp d qxoo ri qr

frlqwhjudwlrq +ru qr xqlw urrw,1 Wklv dssurdfk kdv ehhq fulwlfl}hg lq wkh wlph

vhulhv hfrqrphwulfv olwhudwxuh dqg whvwv iru wkh qxoo ri frlqwhjudwlrq +dqg xqlw

urrwv, kdyh ehhq sursrvhg/ h1j1/ Nzldwnrzvnl hw do1/ +4<<5,/ Txlqwrv dqg Skloolsv

+4<<6,/ Vklq +4<<7,/ Fkrl +4<<7,/ Oh|erxuqh dqg PfFdeh +4<<6,1 \hw qr whvwv

kdyh ehhq sursrvhg wr whvw iru wkh qxoo ri frlqwhjudwlrq lq sdqho gdwd1

Wklv sdshu ghyhorsv d uhvlgxdo0edvhg whvw iru wkh qxoo ri frlqwhjudwlrq lq sdqho

gdwd1 Wkh whvw lv dq h{whqvlrq ri wkh Odjudqjh Pxowlsolhu +OP, whvw dqg orfdoo|
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ehvw xqeldvhg lqyduldqw +OEXL, whvw iru dq PD xqlw urrw lq wkh olwhudwxuh1 Wkh

sursrvhg whvw ehorqjv wr wkh fodvv ri whvwv sursrvhg e| Nlqj dqg Kloolhu +4<;8,

iru whvwlqj wkh yduldqfh0fryduldqfh pdwul{ ri wkh huuru whup lq d olqhdu uhjuhvvlrq

prgho1 Wklv fodvv ri whvwv kdv ehhq yhu| xvhixo lq wkh sxuh wlph vhulhv frqwh{w1

Vdlnnrqhq dqg Oxxnrqhq +4<<6,/ Wdqdnd +4<<3,/ dqg Nzdlwnrzvnl hw do1 +4<<5,

kdyh whvwhg iru vwdwlrqdulw| zlwklq wklv iudphzrun> Kduulv dqg Lqghu +4<<7, dqg

Vklq +4<<7, kdyh xvhg wkh whvw iru frlqwhjudwlrq1 Lq sduwlfxodu/ wkh OP whvw

kdv doorzhg iru wkh qxoo ri vwdwlrqdulw| dqg qxoo ri frlqwhjudwlrq uhvshfwlyho|/

zklfk kdg qrw suhylrxvo| ehhq dydlodeoh lq wkh olwhudwxuh1 Whvwlqj wkh qxoo ri

frlqwhjudwlrq udwkhu wkdq wkh qxoo ri qr frlqwhjudwlrq fdq eh yhu| dsshdolqj lq

dssolfdwlrqv zkhuh frlqwhjudwlrq lv suhglfwhg d sulrul e| hfrqrplf wkhru|1 Dv

Kduulv dqg Lqghu +4<<7, dqg Vklq +4<<7, ghprqvwudwh lq wkh sxuh wlph vhulhv

fdvh/ wkh OEXL whvw lq wklv sdshu lv dovr iuhh ri qxlvdqfh sdudphwhuv1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 rxwolqhv wkh prgho xqghu

frqvlghudwlrq dqg wkh dvvxpswlrqv uhtxluhg iru frqvwuxfwlrq ri wkh sursrvhg

whvw1 Wkh irupxodwlrq ri wkh whvw dqg lwv olplwlqj glvwulexwlrq duh jlyhq lq Vhfwlrq

61 Vrph Prqwh Fduor h{shulphqwv lqfoxglqj wkh vl}h dqg srzhu frpsdulvrq duh

jlyhq lq Vhfwlrq 71 Vhfwlrq 8 jlyhv vrph frqfoxglqj uhpdunv1 Doo surriv duh lq

wkh Dsshqgl{1

D zrug rq qrwdwlrq1 Zh zulwh lqwhjudov olnh
U
4

3
Z +v,gv dv

U
Z zkhq

wkhuh lv qr dpeljxlw| ryhu olplwv1 Zh gh�qh 
4@5 wr eh dq| pdwul{ vxfk wkdw


 @
�

4@5

� �

4@5

�3
= Zh xvh , wr ghqrwh zhdn frqyhujhqfh/

s$ wr ghqrwh frq0

yhujhqfh lq suredelolw|/ ^{` wr ghqrwh wkh odujhvw lqwhjhu � {/ L+4, wr vljqli|

d wlph vhulhv wkdw lv lqwhjudwhg ri rughu rqh/ dqg EP +
, wr ghqrwh Eurzqldq

prwlrq zlwk fryduldqfh pdwul{ 
1

5 Prgho

Wkh prgho zh xvh wr frpelqh wlph0vhulhv dqg furvv0vhfwlrqdo gdwd lqyroyhv wkh

dvvxpswlrqv wkdw d ydu|lqj lqwhufhsw fdswxuhv gl�huhqfhv lq ehkdylru ryhu furvv0

vhfwlrqdo xqlwv dqg wkdw wkh vorsh frh!flhqwv pd| dovr ydu| dfurvv furvv0vhfwlrqdo
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vhulhv1 Wklv prgho/ zklfk doorzv iru ydu|lqj vorshv/ lv xvhg lq rwkhu sdqho vhwwlqjv

vxfk dv Shgurql +4<<9, dqg Lp hw do1 +4<<8,1 Ohw i|
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vkrfn zrxog kdyh rq wkh udqgrp zdon dqg vwdwlrqdu| frpsrqhqw1
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Wklv vkrzv wkdw wkh whvwlqj sureohp �wv wkh jhqhudo iudphzrun ri Nlqj dqg

Kloolhu +4<;8,/ zklfk fdq eh xvhg wr rewdlq orfdoo| rswlpdo lqyduldqw whvwv iru

K3
= Wkh OEXL vwdwlvwlf lq +;, fdq eh vkrzq wr eh dq OP vwdwlvwlf +h1j1/ Wdqdnd/

4<<9/ s1 659,=
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S
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dqg vhuldoo| fruuhodwhg1 Dovr wkh llg dvvxpswlrq iru x
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6 Dv|pswrwlfv
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Li zh doorz iru fruuhodwlrq lq wkh huuru surfhvvhv/ d pdmru sureohp dulvhv1

Dowkrxjk zh frxog vwloo hvwlpdwh rxu uhjuhvvlrq htxdwlrq zlwk ROV dqg frqvwuxfw

wkh whvw vwdwlvwlf lq htxdwlrq +<,/ jlyhq wkh vhuldo fruuhodwlrq dqg hqgrjhqrxv {
lw

/

wklv hvwlpdwlrq lv dv|pswrwlfdoo| eldvhg1 Xqeldvhg hvwlpdwlrq uhtxluhv wkh xvh

ri dq rswlpdo hvwlpdwru vxfk dv wkh ixoo| prgl�hg +IP, hvwlpdwru +h1j1/ Skloolsv

dqg Kdqvhq/ 4<<3, ru wkh g|qdplf ruglqdu| ohdvw vtxduhv +GROV, hvwlpdwru ri

Vdlnnrqhq +4<<4, wr fruuhfw iru wkh sureohpv1

Uhpdun 5 Uhfhqwo|/ Ndr dqg Fkldqj +4<<:, h{dplqhg wkh olplwlqj glvwulexwlrq

ri ROV iru +4, zlwk frpprq � dfurvv l dqg wkh| vkrzhg wkh olplwlqj glvwulexwlrq

lqyroyhg ydulrxv qxlvdqfh sdudphwhuv hyhq dv|pswrwlfdoo|1 Ndr dqg Fkldqj

+4<<:, dqg Shgurql +4<<9, sursrvhg dq IP hvwlpdwru/ dqg Ndr dqg Fkldqj

+4<<:, sursrvhg d GROV iru +4, zlwk frpprq � dfurvv l1 Ndr dqg Fkldqj

+4<<:, dqg Shgurql +4<<9, vkrzhg wkh IP dqg GROV hvwlpdwruv duh iuhh ri

qxlvdqfh sdudphwhuv1
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Uhpdun 6 Iurp Skloolsv dqg Kdqvhq +4<<3,/ zh nqrz wkdw wkh IP hvwlpdwru

kdv d frpsrxqg qrupdo olplw glvwulexwlrq dqg lv iuhh ri qxlvdqfh sdudphwhuv1

Iluvw/ zh gh�qh d prgl�hg whvw vwdwlvwlf edvhg rq wkh IP hvwlpdwru=
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lwe'5

4=5
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= +4;,

Wkxv/ OP. fdq eh vhhq dv wkh dyhudjh ri wkh OEXL whvw vwdwlvwlfv dfurvv wkh

furvv0vhfwlrqdo xqlwv1 Qrwh wkdw e'5

4=5
lv wkh hvwlpdwh ri '5

4=5
ryhu doo Q dqg W=

Vlqfh wkh huuru whupv duh l1l1g1 dfurvv l lw lv srvvleoh wr rewdlq e'5

4=5
iurp lqgl0

ylgxdo wlph vhulhv uhvlgxdov1 Lq sudfwlfh zh uhfrpphqg hvwlpdwlqj '5

4=5
iru hdfk

l ehfdxvh OP. fdq eh rewdlqhg e| wdnlqj wkh vdpsoh dyhudjh ri
4

W

5

S
W

w@4

V

.5

lwe'5

4=5

=

Dovr
4

W

5

S
W

w@4

V

.5

lwe'5

4=5

fdq eh irxqg hdvlo| e| hfrqrphwulfv sdfndjhv/ h1j1/ FRLQW

5131

Uhpdun 8 Iurp +4;, zh qrwh wkdw zh dfwxdoo| gr qrw qhhg wr dvvxph frqvwdqw

yduldqfhv iru z
w

@
�
x
lw

> %
3

lw

�3

1 Lq idfw/ zh frxog doorz '5

4=5
eh gl�huhqw iru

gl�huhqw l/ l1h1/ '5

l4=5
9@ '5

m4=5
iru l 9@ m= Lw lpsolhv wkdw OP. lq +4;, lv urexvw

zlwk uhvshfw wr khwhurvnhgdvwlflw|1 Krzhyhu/ li zh dvvxph '5

l4=5
9@ '5

m4=5
/ dv

srlqwhg rxw e| d uhihuhh/ htxdwlrq +7, ehfrphv d vhhplqjo| xquhodwhg uhjuhvvlrq

+VXU, prgho1 Ixuwkhu/ wkh dvvxpswlrq ri lqghshqghqfh dfurvv l zloo pdnh VXU

dqg vlqjoh htxdwlrq ohdvw vtxduhv eh lghqwlfdo1 Lq wklv vhqvh/ OP. lq +4;, fdqqrw

lpsuryh dq|wklqj lq frpsdulvrq zlwk OEXL whvwv iru hdfk lqglylgxdo vhulhv1
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Ehiruh jrlqj lqwr wkh �uvw wkhruhp ri wkh sdshu/ zh qhhg wr frqvlghu vrph

suholplqdu| uhvxowv1 Doo olplwv lq Ohppd 4 dqg Wkhruhp 4 xvh vhtxhqwldo dv0

|pswrwlfv lq zklfk W $ 4 iroorzhg e| Q $ 4 +h1j1/ Skloolsv dqg Prrq/

4<<:,=

Ohppd 4 Li Dvvxpswlrqv 4 dqg 5 krog/ wkhq

OP.
s$ �

y

>

zkhuh �
y

� H
�U

Y 5

�
dqg Y lv gh�qhg dv lq Kduulv dqg Lqghu +4<<7, dqg Vklq

+4<<7,1

Zh duh qrz lq d srvlwlrq wr vwdwh wkh iroorzlqj wkhruhp=

Wkhruhp 4 Dvvxph Dvvxpswlrqv 406 krog1 Wkhq/ wkh whvw vwdwlvwlfv lq +4:,

iru wkh qxoo ri frlqwhjudwlrq kdyh wkh iroorzlqj olplwlqj glvwulexwlrqv=

s
Q

�
OP. � �

y

� , Q
�
3> �5

y

�
>

zkhuh �5
y

@ Y du
�U

Y 5

�
=

Uhpdun 9 �
y

� H
�U

Y 5

�
dqg �5

y

� Y du
�U

Y 5

�
fdq eh irxqg e| vlpxodwlrq

dv Lp hw do1 +4<<8, dqg Kduulv dqg Lqghu +4<<7, vxjjhvwhg1 Wkh hvwlpdwlrq

ri �
y

dqg �5
y

lv glvfxvvhg lq Dsshqgl{ F1 Zh qrwh iurp Wkhruhp 4 wkdw wkh

dv|pswrwlf glvwulexwlrq ri OP. lv iuhh ri qxlvdqfh sdudphwhuv1

Uhpdun : Li zh hvwlpdwh �
l

zlwk e�
lG

/ wkh GROV ri �
l

> e| uxqqlqj wkh iroorz0

lqj uhjuhvvlrq=

|
lw

@ �
l

. {
3

lw

�
l

.

t[
m@�t

f
lm

7{
lw.m

. y�
lw

= +4<,

iru vrph t/ wkhq zh fdq frqvwuxfw wkh OP vwdwlvwlfv vlplodu wr +4:, dqg +4;,1

Vlqfh wkh olplwlqj glvwulexwlrqv ri e�
lG

dqg a�
lIP

duh wkh vdph/ lw lv vwudljkwiru0

zdug wr vkrz wkdw wkh OP vwdwlvwlf ri wkh qxoo ri frlqwhjudwlrq xvlqj e�
lG

kdv wkh

vdph olplwlqj glvwulexwlrq jlyhq lq Wkhruhp 41
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7 Prqwh Fduor Vlpxodwlrqv

Wr h{dplqh wkh �qlwh vdpsoh surshuwlhv ri wkh sursrvhg whvwv/ zh frqgxfwhg

Prqwh Fduor h{shulphqwv vlplodu wr wkh ghvljq ri Kduulv dqg Lqghu +4<<6, dqg

Skloolsv dqg Oruhwdq +4<<4,1 Wkh gdwd jhqhudwlqj surfhvv +GJS, zdv

|
lw

@ �
l

. �
l

{
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m@4
x
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. x
lw

>

x
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57 4 ��
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684D =

Wkh UQGQ surfhgxuh lq JDXVV zdv xvhg wr jhqhudwh wkh udqgrp qxpehuv1

Wkh gdwd zhuh jhqhudwhg e| fuhdwlqj W . 4> 333 revhuydwlrqv dqg glvfduglqj

wkh �uvw 4> 333 revhuydwlrqv wr uhpryh wkh h�hfw ri wkh lqlwldo frqglwlrqv1 Wkh

uhvxowv zh uhsruw duh edvhg rq 43> 333 uhsolfdwlrqv1 Zh jhqhudwhg �
l

dqg �
l

iurp xqlirup glvwulexwlrqv X ^3> 43` dqg X ^3> 5` uhvshfwlyho|1 ix
lw

j dqg i%
lw

j
zhuh frqvwuxfwhg zlwk x

l3
@ 3 dqg %

l3
@ 3= Wkh IP hvwlpdwru dqg

e'5

4=5
@ e'5

4
� e'

45

e
�4
55

e'
54

zhuh rewdlqhg e| xvlqj wkh surfhgxuh IP lq FRLQW 513 zlwk d Eduwohww zlqgrz

ri odj ohqjwk 81 Wkh GROV hvwlpdwru zdv rewdlqhg xvlqj wkh surfhgxuh SV lq

FRLQW 513 zlwk rqh odj dqg rqh ohdg1

Iru wkh sxusrvhv ri wklv sdshu/ zh frqvlghu wkh iroorzlqj ydoxhv iru wkh

sdudphwhuv lq wkh GJS= � @ +�3=8> 3> =38,> � @ +3> 3=38> 3=48> 3=58, > dqg � @

+�3=;> 3> 3=;, = Fkrrvlqj gl�huhqw ydoxhv iru � glg qrw d�hfw wkh uhvxowv dqg wkh

uhvxowv duh uhsruwhg rqo| iru � @ 41 Zkhq � 9@ 3> |
lw

dqg {
lw

duh qrw frlqwhjudwhg/

dqg zkhq � @ 3 wkh| duh frlqwhjudwhg1 Zh rewdlqhg whvw uhvxowv xvlqj erwk

wkh IP dqg GROV hvwlpdwlrq= OP0IP dqg OP0GROV whvw vwdwlvwlfv1 Erwk
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phwkrgv kdyh wkhlu rzq dgydqwdjhv wr uhfrpphqg wkhlu xvh= wkh OP0GROV

whvw vwdwlvwlf xvhv wkh dv|pswrwlf prphqwv iru doo ydoxhv ri W dqg grhv qrw

uhtxluh qrqsdudphwulf fruuhfwlrq> wkh OP0IP whvw vwdwlvwlf grhv qrw ghshqg dv

fuxfldoo| rq wkh surshu vshfl�fdwlrq ri d odj dqg ohdg rughu1

Wdeoh L suhvhqwv wkh Prqwh Fduor phdq/ �
y

� H
�U

Y 5

�
dqg yduldqfh/ �5

y

�
Y du

�U
Y 5

�
= Wkhvh zhuh jhqhudwhg vhwwlqj W @ 7> 333 dqg dssur{lpdwlqj wkh

ixqfwlrqdo ri Eurzqldq prwlrq ri wkh olplwlqj glvwulexwlrq +Vhh Dsshqgl{ F,1

Lq Wdeoh L wkhvh duh jlyhq xqghu wkh khdglqj W @ � dqg duh jhqhudwhg doorzlqj

wkh qxpehu ri uhjuhvvruv wr ydu| iurp 4 wr 81 Iru xvh ri wkh whvw zlwk vpdoo

vdpsoh vl}hv/ krzhyhu/ wkhvh prphqwv pd| qrw eh dssolfdeoh dqg zh wkhuhiruh

jhqhudwhg �qlwh vdpsoh prphqwv ri wkh whvw vhwwlqj � @ 3> � @ 3> dqg � @ 41

Wkhvh zhuh jhqhudwhg xvlqj 83> 333 uhsolfdwlrqv ri wkh whvw zkhuh Q @ 4 dqg W

lv jlyhq1 Wkhvh duh dssur{lpdwlrqv ri wkh �qlwh vdpsoh prphqwv wr eh xvhg lq

dssolfdwlrqv ri wkh whvw1 Djdlq/ wkh uhjuhvvruv zhuh doorzhg wr ydu| iurp 4 wr

81 Zlwk wkh OP0IP whvw vwdwlvwlf/ dgglqj uhjuhvvruv lqfuhdvhv wkh ghpdqgv rq

wkh gdwd iru wkh qrq0sdudphwulf fruuhfwlrq1 Wkxv/ dv wkh qxpehu ri uhjuhvvruv

lqfuhdvhv/ wkh vdpsoh vl}h dssursuldwh iru wkh whvw lqfuhdvhv1 Zlwk wkh OP0GROV

whvw vwdwlvwlf/ wkh prphqwv iru W @ 7> 333 zhuh xvhg lq doo fdvhv1

Iljxuhv 4 dqg 5 vkrz d frpsdulvrq ri wkh vlpxodwhg OP0IP prphqwv xvlqj

wkuhh dqg �yh odjv dqg OP0GROV prphqwv xvlqj erwk rqh ohdg dqg rqh odj dqg

wzr ohdgv dqg wzr odjv1 Iru wkhvh vlpxodwlrqv n/ wkh qxpehu ri uhjuhvvruv/ lv

htxdo wr rqh1 Lw lv fohdu wkdw lq doprvw doo fdvhv wkh OP0GROV prphqwv duh forvhu

wkdq wkh OP0IP wr wkh vlpxodwhg Eurzqldq prwlrq prphqwv1 Lq sduwlfxodu/ wkh

vlpxodwhg OP0IP yduldqfhv duh txlwh idu dzd| iurp wkh dv|pswrwlf yduldqfh iru

vpdoo W 1 Wkxv/ zkloh xvlqj wkh dv|pswrwlf prphqwv iru wkh OP0GROV whvw grhv

qrw vljql�fdqwo| eldv wkh uhvxowv/ xvlqj wkh dv|pswrwlf prphqwv zlwk wkh OP0

IP whvw grhv1 Dovr/ lw fdq eh vhhq wkdw lqfuhdvlqj wkh qxpehu ri odjv dqg ohdgv

lq wkh OP0GROV whvw grhv qrw vljql�fdqwo| d�hfw wkh prphqwv1 Ilqdoo|/ erwk

whvwv gr kdyh prphqwv wkdw dssurdfk wkh dv|pswrwlf prphqwv dv W lqfuhdvhv1

Wdeoh LL suhvhqwv wkh hvwlpdwhv ri wkh hpslulfdo vl}h ri OP0IP dqg OP0

GROV dw wkh 8( ohyho zkhq wkh dv|pswrwlf fulwlfdo ydoxh ri 4=978 lv xvhg1 Wkh
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WDEOH L

Phdqv dqg Yduldqfhv iru jlyhq W dqg n

n@4 n@5 n@6 n@7 n@8 n@4 n@5 n@6 n@7 n@8
W@48 16547 W@5; 15469 1565: 15848

13:;< 13653 13753 1377;
W@49 163:: W@5< 1537< 155:7 1576:

13:53 1363: 1373: 13756
W@4: 15<7; W@63 1535: 1553< 156;3

139;3 13634 136;7 13745
W@4; 15;59 W@68 14;96 14<;4 15435 15533

13958 1356; 135<7 13648 1363:
W@4< 15:65 W@73 14:96 14;54 14<3; 14<:6 15385

138;4 1353; 13575 1358; 1358; 13587
W@53 15955 W@78 149;; 14:37 14:9; 14;64 14;:6

13876 134;: 13547 13553 13565 1354:
W@54 15855 W@83 14954 14955 14993 149<5 14:8:

137<7 1349; 134;; 134<8 134<5 13535
W@55 15784 W@93 1485; 147;4 147;9 14847 1487:

13793 1347: 13484 13488 13486 13488
W@56 156:3 W@:3 147:< 146;; 146:7 146;< 1474;

13748 1346: 1345; 13466 13465 13467
W@57 1565< W@;3 14768 1464; 145;9 14633 1464:

1376; 13464 1344; 13448 13449 1344:
W@58 15576 15878 15::3 W@<3 146<8 145:4 14553 14556 14577

13693 13833 13874 1345: 1343: 133<< 13435 13439
W@59 15534 15797 159<7 W@433146:5 1454< 14553 14496 144:<

13695 13783 13853 13456 133<< 133<4 133<6 133<;
W@5: 15469 156:4 158<5 W@- 14495 13;83 1398; 13866 13773

13663 13754 137<3 1343< 13388 1335; 13349 1333<
Qrwh=
+d, Wkh qxpehu ri uhsolfdwlrqv @ 83/3331
+e, �

l

� X ^3> 43` dqg �
l

� X ^3> 5`=
+f, Wkh odj ohqjwk ri wkh Eduwohww zlqgrzv @ 81
+g, W@- zdv grqh zlwk W@7333 xvlqj Eurzqldq prwlrq dssur{lpdwlrq1
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WDEOH LL

Hpslulfdo Vl}h ri wkh OP0IP dqg OP0GROV Whvwv

Q @ 4 Q @ 48 Q @ 58 Q @ 83 Q @ 433

OP0

IP

OP0

GROV

OP0

IP

OP0

GROV

OP0

IP

OP0

GROV

OP0

IP

OP0

GROV

OP0

IP

OP0

GROV

W @ 48 138< 134: 13:4 1335 13:6 1334 13:4 1333 13:5 1333
41;84 18:7 41<75 031<46 41;<5 0417<8 41;<9 051:38 41;<9 0716<5

W @ 58 138: 1354 1397 1335 139; 1334 139: 1333 13:3 1333
41:<5 1;:7 41;73 0314:9 41;;< 031966 41;64 041777 41;96 0518<7

W @ 83 138< 136< 1395 1343 1397 1339 1395 1334 138< 1333
41;77 416<8 41:<9 1:3< 41;43 317;; 41:;6 1376 41:78 0138:

W @ 433 139< 137< 1393 135; 138: 1354 1388 133< 138: 1336
41<55 41964 41:9; 415:6 41:5: 41453 419<9 1;48 41:64 17<9

Qrwh=
+d, Wkh qxpehu ri uhsolfdwlrqv @ 43/3331
+e, �

l

� X ^3> 43` dqg �
l

� X ^3> 5`=
+f, Wkh odj ohqjwk ri wkh Eduwohww zlqgrzv @ 8 iru OP0IP whvw1
+g, Wkh 4 odj dqg 4 ohdg duh xvhg iru wkh OP0GROV whvw1
+h, Vl}h edvhg rq rqh0vlghg Q+3/4, fulwlfdo ydoxh 419781
+i, 8 shufhqw fulwlfdo ydoxhv duh olvwhg xqghuqhdwk vl}h ydoxhv1
+j, � @ 3> � @ 31
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whvwv duh frqvlghuhg zlwk qr prylqj dyhudjh frpsrqhqw +� @ 3, dqg zlwk vwurqj

h{rjhqhlw| +� @ 3,1 Xqghu wklv vshfl�fdwlrq/ lw lv qrwdeoh wkdw iru wkh OP0IP

whvw vwdwlvwlf hyhq lq vpdoo vdpsoh vl}hv wkh hpslulfdo vl}h ri wkh whvw lv uhdvrqdeo|

forvh wr =381 Lq idfw/ zkhq W @ 48 dqgQ @ 48 wkh hpslulfdo vl}h lv =3:391 Iru wkh

odujhvw vdpsoh uhfrughg/ W @ 433 dqg Q @ 433/ wkhuh lv d voljkw lpsuryhphqw

wr d vl}h ri =389<1 Lq jhqhudo/ wklv whvw shuirupv zhoo xqghu wkh qxoo k|srwkhvlv1

Wkh uhvxowv xvlqj OP0GROV duh vrphzkdw gl�huhqw1 Wkh OP0GROV whvw kdv d

pxfk juhdwhu surshqvlw| wr xqghu0 udwkhu wkdq ryhu0uhmhfw wkh qxoo k|srwkhvlv1

Iru doo Q / lqfuhdvlqj wkh revhuydwlrqv lq W grhv uhvxow lq fulwlfdo ydoxhv forvhu

wr 4=9781

Wdeoh LLL suhvhqwv wkh vl}h0dgmxvwhg srzhu ri OP0IP dqg OP0GROV1 Djdlq

� @ 3 dqg � @ 31 Wkuhh vshfl�fdwlrqv ri � duh whvwhg= 3=58> 3=48 dqg 3=381 Wkh

srzhu lv dgmxvwhg xvlqj wkh fulwlfdo ydoxhv iurp Wdeoh LL1 Wkh �uvw revhuydwlrq

lv wkdw wkh ydoxh ri � lq xhqfhv wkh srzhu ri wkh whvw1 Dv � dssurdfkhv }hur/ wkh

srzhu ri wkh whvw glplqlvkhv lq doprvw doo fdvhv/ dowkrxjk hyhq zlwk � @ =38 dqg

odujh hqrxjk W dqg Q wkh srzhu lv dssur{lpdwho| 41 Zlwk � @ =48 wkh srzhu lv

hyhq vwurqjhu/ dqg zkhq W @ 83 dqg Q @ 83 wkh srzhu lv =<;97 iru wkh OP0IP

dqg =<9<: iru wkh OP0GROV1 Wkh vhfrqg revhuydwlrq lv wkdw lq jhqhudo iru doo �

wkh W glphqvlrq lv pruh lpsruwdqw wkdq wkh Q glphqvlrq lq udlvlqj wkh srzhu

ri wkh whvw1 Iru h{dpsoh/ zlwk wkh OP0IP whvw vwdwlvwlf dw � @ =48/ li zh �{ W dw

58 dqg lqfuhdvh Q iurp 48 wr 433 wkh srzhu rqo| lqfuhdvhv iurp =4848 wr =743:1

Krzhyhu/ li zh �{ Q dw 58 dqg lqfuhdvh W iurp 48 wr 433 wkh srzhu lqfuhdvhv

iurp =3;68 wr =<<<<1 Wklv whvw/ wkhuhiruh/ zrxog qrw eh dv srzhuixo zlwk gdwd

vhwv zlwk odujh furvv0vhfwlrq glphqvlrqv dqg vpdoo wlph glphqvlrqv/ hvshfldoo|

iru � forvh wr 31 Lq wkh sxuh wlph vhulhv fdvh/ Q @ 4/ wkh pd{lpxp srzhu

uhdfkhg iru wkh whvw zdv =84:3 iru wkh OP0IP whvw dqg =8895 iru wkh OP0GROV

whvw zkhq W @ 433 dqg � @ =581

Wkh juhdwhvw gl�huhqfh ehwzhhq wkh wzr whvwv lv wkh shuirupdqfh zkhq W �
581 Lq jhqhudo/ wkh OP0IP whvw kdv juhdwhu srzhu1 Ixuwkhu/ lqfuhdvlqj wkh vl}h

rq Q kdv d juhdwhu lpsdfw rq wkh srzhu ri wkh OP0IP whvw wkdq wkh OP0GROV

whvw zlwk vpdoo W 1 Iru h{dpsoh/ zlwk W @ 58 dqg � @ =58> lqfuhdvlqj Q iurp 48
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WDEOH LLL

Vl}h0Fruuhfwhg Srzhu ri wkh OP0IP dqg OP0GROV Whvwv

� @ =38 � @ =48 � @ =58

OP0IP OP0

GROV

OP0IP OP0

GROV

OP0IP OP0

GROV

Q @ 4
W @ 48 137<9 13784 1388: 136:; 13975 13645
W @ 58 13886 137:< 13:9: 13897 13<;6 13978
W @ 83 13:94 139:8 14;57 149:3 1588< 15636
W @ 433 14:56 14937 174<3 17748 184:3 18895

Q @ 48
W @ 48 1385< 136:6 13:65 1353: 143:9 13447
W @ 58 138;7 13739 14848 137<4 15;7: 138:9
W @ 83 14754 1454; 1:38: 198<< 1<4:; 1;;5:
W @ 433 19:53 19798 1<<;; 1<<;< 1<<<< 1<<<<

Q @ 58
W @ 48 13885 13665 13;68 13485 145<3 1339;
W @ 58 1394; 136<8 14:<6 13848 16955 1393:
W @ 83 14:83 1474< 1;98< 1;57; 1<;69 1<:46
W @ 433 1;5;: 1;3;3 1<<<< 1<<<< 1<<<< 1<<<<

Q @ 83
W @ 48 13874 1363; 13<96 1343; 14:64 13378
W @ 58 13:3; 13688 15:64 13839 18::3 13946
W @ 83 1584< 14;<3 1<;97 1<9<: 1<<<< 1<<<:
W @ 433 1<:66 1<98< 1<<<< 1<<<< 1<<<< 1<<<<

Q @ 433
W @ 48 1387; 13594 1448; 133:3 158:7 13354
W @ 58 13:<4 135;; 1743: 1379: 1;44; 139;7
W @ 83 17355 15:69 1<<<< 1<<<8 1<<<< 1<<<<
W @ 433 1<<<< 1<<<7 1<<<< 1<<<< 1<<<< 1<<<<

Qrwh=
+d, Wkh qxpehu ri uhsolfdwlrqv @ 43/3331
+e, �

l

� X ^3> 43` dqg �
l

� X ^3> 5`=
+f, Srzhu lv fruuhfwhg zlwk fulwlfdo ydoxhv iurp Wdeoh 51
+g, Wkh odj ohqjwk ri wkh Eduwohww zlqgrzv @ 8 iru OP0IP whvw1
+h, Wkh 4 odj dqg 4 ohdg duh xvhg iru wkh OP0GROV whvw1
+i, � @ 3> � @ 31
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wr 83 lqfuhdvhv wkh srzhu ri wkh OP0IP whvw iurp =5;7: wr 18::3> zkloh wkh srzhu

ri wkh OP0GROV whvw vfdufho| lpsuryhv/ prylqj rqo| iurp =38:9 wr =39461 Prvw

vljql�fdqwo|/ shukdsv/ lv wkh uhvxow wkdw iru W @ 48 lqfuhdvlqj � grhv qrw lpsuryh

wkh srzhu iru wkh OP0GROV1 Lq jhqhudo/ wkh orz srzhu iru vpdoo W iru GROV0

IP pljkw eh sduwldoo| h{sodlqhg e| wkh udqjh lq �= Rqh frpprq uhsuhvhqwdwlrq

ri d qrq0vwdwlrqdu| yduldeoh lv wkh udqgrp zdon zkhuh wkh yduldeoh uhphpehuv

hdfk sdvw huuru �h{dfwo|1� Lq wklv vwxg|/ qrq0vwdwlrqdulw| lv gh�qhg dv �sduwldo

exw shupdqhqw� phpru| ri sdvw huuruv1 Zlwk vpdoo W / wkh OP0GROV whvw vhhpv

xqdeoh wr glvwlqjxlvk ehwzhhq wkh �sduwldo exw shupdqhqw� phpru| dqg ��qlwh

phpru|� ri sdvw huuruv1

Wr h{dplqh wkh urexvwqhvv ri rxu vshfl�fdwlrq/ zh h{dplqh vl}h dqg vl}h0

dgmxvwhg srzhu iru d ydulhw| ri gl�huhqw ydoxhv ri � dqg � lq Wdeohv LY dqg

Y1 Wdeoh LY frqwdlqv hvwlpdwhv ri wkh vl}h ri whvwv dw wkh 8( ohyho zkhq wkh

dv|pswrwlf fulwlfdo ydoxh/ 4=978> iurp wkh Q+3> 4, glvwulexwlrq zdv xvhg1 Vdpsoh

vl}h lv �{hg dw Q @ 83 dqg W @ 831 Zkhq � ? 3/ d qhjdwlyh prylqj dyhudjh

frpsrqhqw/ wkh whvw grhv qrw uhmhfw wkh qxoo k|srwkhvlv dv riwhq dv wkh wkhru|

zrxog suhglfw iru erwk hvwlpdwlrq surfhgxuhv1 Lq idfw/ lq doo fdvhv suhvhqwhg zlwk

d qhjdwlyh prylqj dyhudjh frpsrqhqw/ wkh whvw qhyhu uhmhfwv wkh qxoo k|srwkhvlv1

Zkhq � A 3 dqg � @ 3/ wkh whvw ryhu0uhmhfwv wkh qxoo k|srwkhvlv zlwk wkh OP0

IP/ wkh hpslulfdo vl}h lv =4;68> dqg xqghu0uhmhfwv wkh qxoo zlwk wkh OP0GROV/

hpslulfdo vl}h ri =35;51 Wkh hqgrjhqhlw| sdudphwhu/ �/ dovr kdv d vljql�fdqw

lpsdfw rq wkh uhvxowv1 Zkhq � ? 3 dqg � 9@ 3/ wkh qhjdwlyh prylqj dyhudjh

vhhpv wr grplqdwh wkh uhvxowv1 Krzhyhu/ zkhq � A 3 dqg � 9@ 3/ wkh hqgrjhqhlw|

dqg srvlwlyh prylqj dyhudjh vhhplqjo| uhlqirufh hdfk rwkhu dqg wkh whvw ryhu0

uhmhfwv wkh qxoo iru erwk hvwlpdwlrq surfhgxuhv1 Lq sduwlfxodu/ zkhq � 9@ 3 dqg

� A 3/ wkh whvw doprvw dozd|v uhmhfwv wkh qxoo k|srwkhvlv zlwk hpslulfdo vl}hv

udqjlqj iurp =<<;7 wr =<<<: iru wkh OP0IP whvw vwdwlvwlf dqg iurp =97;3 wr =97;7

iru wkh OP0GROV whvw vwdwlvwlf1 Wkh prvw reylrxv gl�huhqfh lq wkh shuirupdqfh

ri wkh wzr phwkrgv frphv zkhq � � 3 dqg � 9@ 31 Lq wklv fdvh/ wkh OP0GROV

whvw kdv hpslulfdo vl}hv pxfk orzhu wkdq wkh OP0IP whvw1 Wklv vhhpv vrphzkdw

frxqwhu wr wkh wkhru| ri wkh OP0IP whvw vwdwlvwlf/ zklfk vkrxog fruuhfw iru �
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WDEOH LY

Hpslulfdo Vl}h iru Gl�huhqw GJS Vshfl�fdwlrqv ri wkh OP0IP dqg OP0
GROV Whvwv

OP0IP OP0GROV
� @ �3=8

� @ �3=; 13333 13333

� @ 3=3 1<<;< 14;:;

� @ 3=; 1<<<: 197;7

� @ 3=3

� @ �3=; 13333 13333

� @ 3=3 13953 13343

� @ 3=; 14;68 135;5

� @ 3=8

� @ �3=; 13333 13333

� @ 3=3 1<<;7 14;;7

� @ 3=; 1<<<6 197;3

Qrwh=
+d, Wkh qxpehu ri uhsolfdwlrqv @ 43/3331
+e, �

l

� X ^3> 43` dqg �
l

� X ^3> 5`=
+f, Wkh odj ohqjwk ri wkh Eduwohww zlqgrzv @ 8 iru OP0IP whvw1
+g, Wkh 4 odj dqg 4 ohdg duh xvhg iru wkh OP0GROV whvw1
+h, Q@83 dqg W@831
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WDEOH Y

Vl}h0Fruuhfwhg Srzhu iru Gl�huhqw GJS Vshfl�fdwlrqv ri wkh OP0IP dqg OP0
GROV Whvwv

OP0IP OP0GROV
� @ �3=8

� @ �3=; 1<<<< 19398

� @ 3=3 16::8 1<<<9

� @ 3=; 1793: 1;;8:

� @ 3=3

� @ �3=; 1<<<< 1964<

� @ 3=3 1<<<< 1<<<:

� @ 3=; 1<<<7 1;;88

� @ 3=8

� @ �3=; 1<<<< 19586

� @ 3=3 1695< 1<<<<

� @ 3=; 177;7 1;;66

Qrwh=
+d, Wkh qxpehu ri uhsolfdwlrqv @ 43/3331
+e, �

l

� X ^3> 43` dqg �
l

� X ^3> 5`=
+f, Wkh odj ohqjwk ri wkh Eduwohww zlqgrzv @ 8 iru OP0IP whvw1
+g, Wkh 4 odj dqg 4 ohdg duh xvhg iru wkh OP0GROV whvw1
+h, Q@83 dqg W@831
+i, � @ =581
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dv|pswrwlfdoo|1 Lq wklv �{hg vdpsoh vl}h/ krzhyhu/ � 9@ 3 vljql�fdqwo| lpsdfwv

wkh uhvxowv ri wkh whvw1 Lq wkh vdpsoh vl}hv frqvlghuhg/ lw vhhpv wkdw wkh OP0

GROV whvw grhv d ehwwhu mre ri fruuhfwlqj iru wkh wzr h�hfwv1 Lq idfw/ iru

wkh OP0IP wkh �qlwh vdpsoh prphqwv fdofxodwhg lq Wdeoh L pd| qrw eh jrrg

dssur{lpdwlrqv zkhq hqgrjhqhlw| ri huuru whupv lv suhvhqw1

Wdeoh Y frqwdlqv hvwlpdwhv ri wkh vl}h0dgmxvwhg srzhu ri wkh OP0IP dqg OP0

GROV whvwv dw wkh 8( ohyho1 Vdpsoh vl}h lv �{hg dwQ @ 83 dqg W @ 831 Wkh fdvh

zkhuh � @ =58 lv frqvlghuhg1 Wkh shuirupdqfh ri wkh whvwv khuh lv txlwh gl�huhqw1

Wkh srzhu ri wkh OP0IP whvw vwdwlvwlf lv juhdwhvw iru d qhjdwlyh prylqj dyhudjh

frpsrqhqw/ � ? 3> zkloh iru wkh OP0GROV whvw wklv lv h{dfwo| wkh fdvh zkhuh wkh

srzhu lv orzhvw1 Iru wkh OP0IP whvw zlwk d qhjdwlyh prylqj dyhudjh frpsrqhqw/

wkh srzhu lv dv juhdw dv zkhq qr prylqj dyhudjh lv suhvhqw1 Dovr/ lq wkh fdvh

ri d srvlwlyh prylqj dyhudjh dqg qr hqgrjhqhlw|/ � A 3 dqg � @ 3/ wkh OP0IP

whvw shuirupv txlwh zhoo1 Vlplodu wr wkh shuirupdqfh grfxphqwhg lq Wdeoh 7/ wkh

whvw grhv qrw shuirup zhoo zkhq � � 3 dqg � 9@ 3/ zlwk srzhu udqjlqj lq wkdw

fdvh iurp =695< wr 1793:= Lw lv h{dfwo| xqghu wkhvh frqglwlrqv wkdw wkh OP0GROV

whvw kdv wkh kljkhvw srzhu/ zlwk ydoxhv udqjlqj iurp =;;88 wr =<<<<1

Wkh fkrlfh ri wkh odj ohqjwk 8 iru d Eduohww zlqgrz frxog eh wrr elj iru

W @ 48 ru 58 iru wkh uhvxowv lq Wdeohv LL0Y/ dv srlqwhg rxw e| d uhihuhh1 Lq

Wdeohv YL dqg YLL/ zh h{whqg wkh h{shulphqwv e| fkdqjlqj wkh odj ohqjwk iurp

8 wr 6 iru d Eduohww zlqgrz1 Ryhudoo/ wkh uhvxowv vkrz wkdw fkdljlqj wkh odj

ohqjwk iurp 8 wr 6 grhv qrw ohdg wr vxevwdqwldo fkdqjhv lq wkh vl}h dqg srzhu ri

wkh OP0IP whvw1

8 Frqfoxvlrq

Lq wklv sdshu/ zh sursrvh d whvw iru wkh qxoo k|srwkhvlv ri frlqwhjudwlrq lq

sdqho gdwd dqg ghulyh dv|pswrwlf glvwulexwlrqv iru hdfk whvw1 Wklv whvw surylghv

dq dowhuqdwlyh dssurdfk wr whvwlqj iru frlqwhjudwlrq lq sdqho gdwd1 Wkh whvw

sursrvhg lv gluhfwo| ghulyhg iurp wkh whvw iru wkh yduldqfh fr0yduldqfh pdwul{ ri

wkh huuru whupv ri d sdqho ri furvv0vhfwlrqdo yduldeohv revhuyhg ryhu wlph zklfk

54



WDEOH YL

Hpslulfdo Vl}h ri wkh OP0IP Whvw zlwk Gl�huhqw Odj Ohqjwkv iru wkh Eduwohww
Zlqgrz

Q @ 4 Q @ 48 Q @ 58 Q @ 83 Q @ 433

OP0

IP+8,

OP0

IP+6,

OP0

IP+8,

OP0

IP+6,

OP0

IP+8,

OP0

IP+6,

OP0

IP+8,

OP0

IP+6,

OP0

IP+8,

OP0

IP+6,

W@48 138;9 13875 13:39 139<5 13:5: 13:39 13:39 139<< 13:53 139<3
41;843 41:776 41<74: 41<3;3 41;<55 41<5< 41;<95 41;<:7 41;<97 41;6<8

W@58 1389; 13895 13969 13976 139:9 1399: 139:5 139:< 13:33 139:5
41:<4: 41:<6: 41;735 41;36< 41;;;< 41;839 41;644 41;895 41;966 41;56:

W@83 138<: 139:4 13956 13957 13973 13945 13953 138:6 138<3 13893
41;774 41<63< 41:<8< 41;4<< 41;434 41:;6; 41:;65 41:478 41:784 41:439

W@433 139<3 139:; 13934 13948 138:7 138:< 13883 13789 1389< 138<4
41<554 41<;<< 41:9;4 41:;99 41:59< 41:7;3 419<97 419<98 41:645 41:73:

Qrwh=
+d, Wkh qxpehu ri uhsolfdwlrqv @ 43/3331
+e, �

l

� X ^3> 43` dqg �
l

� X ^3> 5`=
+f, Wkh odj ohqjwk ri wkh Eduwohww zlqgrzv @ 8 iru OP0IP+8, dqg @6 iru
OP0IP+6, whvwv1
+g, Vl}h edvhg rq rqh0vlghg Q+3/4, fulwlfdo ydoxh 419781
+h, 8 shufhqw fulwlfdo ydoxhv duh olvwhg xqghuqhdwk vl}h ydoxhv1
+i, � @ 3> � @ 31
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WDEOH YLL

Vl}h0Fruuhfwhg Srzhu ri wkh OP0IPWhvw zlwk Gl�huhqw Odj Ohqjwkv iru wkh Eduwohww
Zlqgrz

� @ =38 � @ =48 � @ =58

OP0

IP+8,

OP0

IP+6,

OP0

IP+8,

OP0

IP+6,

OP0

IP+8,

OP0

IP+6,

Q@4
W@48 137<9 137;; 1388: 1389; 13975 13968
W@58 13886 13853 13:9: 13;86 13<;6 14555
W@83 13:94 13;57 14;57 15486 1588< 16433
W@433 14:56 14:<; 174<3 179;5 184:3 1934<

Q@48
W@48 1385< 1386: 13:65 13:<: 143:9 144;7
W@58 138;7 13979 14848 14<47 15;7: 16<7:
W@83 14754 14:44 1:38: 1;6:: 1<4:; 1<:<:
W@433 19:53 1:5:; 1<<;; 1<<<: 1<<<< 1<<<<

Q@58
W@48 13885 1385: 13;68 13;63 145<3 1469;
W@58 1394; 13997 14:<6 15676 16955 18545
W@83 14:83 155;4 1;98< 1<87: 1<;69 1<<;6
W@433 1;5;: 1;3;3 1<<<< 1<<<< 1<<<< 1<<<<

Q@83
W@48 13874 13877 13<96 1433< 14:64 14<6<
W@58 13:3; 13:5: 15:64 1686: 18::3 1:8<3
W@83 1584< 1676< 1<;97 1<<;8 1<<<< 1<<<<
W@433 1<:66 1<;:8 1<<<< 1<<<< 1<<<< 1<<<<

Q@433
W@48 1387; 138<9 1448; 146:9 158:7 1649;
W@58 13:<4 13;;5 1743: 18:63 1;44; 1<876
W@83 17355 18596 1<<<< 1<<<< 1<<<< 1<<<<
W@433 1<<<< 1<<<< 1<<<< 1<<<< 1<<<< 1<<<<

Qrwh=
+d, Wkh qxpehu ri uhsolfdwlrqv @ 43/3331
+e, �

l

� X ^3> 43` dqg �
l

� X ^3> 5`=
+f, Srzhu lv fruuhfwhg zlwk fulwlfdo ydoxhv iurp Wdeoh 51
+g, Wkh odj ohqjwk ri wkh Eduwohww zlqgrzv @ 8 iru OP0IP+8, dqg @6 iru
OP0IP+6, whvwv1
+h, � @ 3> � @ 31
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lv d OEXL iru wkh sdqho1 Wklv whvw lv iuhh ri qxlvdqfh sdudphwhuv dv|pswrwlfdoo|

dqg fdq doorz iru khwhurvnhgdvflw|1

Zh wkhq ghprqvwudwh wkh vpdoo vdpsoh surshuwlhv ri wkh sursrvhg whvw xvlqj

wzr whvw vwdwlvwlfv= OP0IP dqg OP0GROV1 Ryhudoo/ wkh hpslulfdo vl}hv ri wkh

OP0IP dqg OP0GROV duh forvh wr =38 hyhq lq vpdoo vdpsohv1 Wkh srzhu

zdv txlwh jrrg iru wkh sdqhov zkhuh W � 83/ dqg ghfhqw zlwk sdqhov iru ihzhu

revhuydwlrqv lq W 1 Lq rxu �{hg vdpsoh ri Q @ 83 dqg W @ 83/ wkh suhvhqfh

ri d prylqj dyhudjh dqg hqgrjhqhlw| ri huuru whupv glg fdxvh wkh wzr whvwv

wr shuirup txlwh gl�huhqwo|/ frpsolfdwlqj wkh fkrlfh ri hvwlpdwlrq surfhgxuhv1

Lq jhqhudo/ wkh OP0GROV whvw vhhphg wr eh ehwwhu dw fruuhfwlqj wkhvh h�hfwv/

dowkrxjk lq vrph fdvhv wkh OP0IP whvw uhvxowhg lq d pruh srzhuixo whvw1

Dowkrxjk pxfk ri wkh qrq0vwdwlrqdu| wlph vhulhv hfrqrphwulfv kdv ehhq fulw0

lfl}hg iru kdylqj pruh wr gr zlwk wkh vshfl�f surshuwlhv ri wkh gdwd vhw wkdq

zlwk xqghuo|lqj hfrqrplf prghov/ wkh uhfhqw ghyhorsphqw ri wkh frlqwhjudwlrq

olwhudwxuh kdv doorzhg iru d frqfuhwh eulgjh ehwzhhq hfrqrplf orqj uxq wkhru|

dqg wlph vhulhv phwkrgv1 Rxu whvw qrz doorzv iru wkh whvwlqj ri wkh qxoo ri frlq0

whjudwlrq lq d sdqho vhwwlqj dqg vkrxog eh ri frqvlghudeoh lqwhuhvw wr hfrqrplvwv

lq d zlgh ydulhw| ri �hogv1

Dsshqgl{

D Surri ri Ohppd 4

Surri1 Iluvw/ zh qrwh wkdw

4

W 5

W[
w@4

V.5

lw

@
4

W 5

W[
w@4

3C w[
m@4

eh.
lm

4D5

,
�
'5

4=5

]
Y 5

�
iurp Kduulv dqg Lqghu +4<<7,/ dv W $ 4 iru �{hg Q / zkhuh Y lv d ixqf0

wlrqdo ri Eurzqldq prwlrqv1 Wkhq li zh dss| wkh odz ri odujh qxpehuv wr
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4

Q

S
Q

l@4

�
'5

4=5

U
Y 5

�
> zh kdyh dv Q $ 4>

4

Q

Q[
l@4

�
'5

4=5

]
Y 5

�
s$ H

�
'5

4=5

U
Y 5

�
@ '5

4=5
H
�U

Y 5

�
=

Khqfh/ zh kdyh vkrzq wkdw

4

Q

Q[
l@4

4

W 5

W[
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V.5

lw

s$ H
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4=5

U
Y 5

�
@ '5

4=5
H
�U

Y 5

�
=

dv W $ 4 �uvw dqg wkhq Q $ 4 e| wkh vhtxhqwldo olplw wkhru|1 Lw iroorzv wkdw

OP. @
4

Q

S
Q

l@4

4

W

5

S
W

w@4
V.5

lwe'5

4=5

s$ '5

4=5
H
�U

Y 5

�
'5

4=5

@ H

�]
Y 5

�
@ �

y

hvwdeolvklqj Ohppd 4 vlqfh e'5

4=5

s$ '5

4=5
=

E Surri ri Wkhruhp 4

Surri1 E| Ohppd 4 zh nqrz wkdw

OP. @
4

Q

Q[
l@4

+
4

W

5

S
W

w@4
V.5

lwe'5

4=5

,
s$ �

y

=

Wkh qh{w vwhs lv wr �qg dq dssursuldwh qrupdol}dwlrq ri OP. wr pdnh vxuh lw

frqyhujhv wr d surshu udqgrp yduldeoh1 Qrwh wkdw iru wkh �{hg Q dv W $ 4 zh

kdyh

s
Q

#
4

Q

Q[
l@4

+
4

W

5

S
W

w@4
V.5

lwe'5

4=5

,
� �

y

$
, 4s

Q

Q[
l@4

�]
Y 5 � �

y

�
zklfk zloo frqyhujh wr d qrupdo yduldeoh e| wkh Olqgehuj0Ohy| fhqwudo olplw

wkhruhp dv Q $ 4 =

4s
Q

Q[
l@4

�]
Y 5 � �

y

�
, Q

�
3> �5

y

�
>
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zkhuh �5
y

� Y du
�U

Y 5

�
= Wkhq e| wkh vhtxhqwldo olplw wkhru| zh kdyh wkh iro0

orzlqj
s
Q

�
OP. � �

y

� , Q
�
3> �5

y

�
dv W $ 4 dqg wkhq Q $ 4 surylqj Wkhruhp 41

F Frpsxwlqj
U
T 5c .

kU
T 5

l
c dqg T @o

kU
T 5

l
Zh wkdqn Gdylg Kduulv iru wkh glvfxvvlrq ri wkh frpsxwdwlrq dqg vkdulqj klv

JDXVV frgh zlwk xv1 Rqh zd| wr dssurdfk wklv sureohp lv wr wklqn ri d

Eurzqldq prwlrq wkdw fdq eh dssur{lpdwhg e| d odujh vwdqgdugl}hg qrupdo

udqgrp zdon1 Wklv lv mxvw wkh uhyhuvh ri grlqj wkh dv|pswrwlfv/ zkhuh zh ohw

wkh udqgrp zdon eh dssur{lpdwhg e| d Eurzqldq prwlrq +EP,1 Ohw wkh udqgrp

zdon eh

{
w

@ {
w�4

. %
w

>

zkhuh %
w

lv l=l=g1 Q+3> 4,/ {
3
@ 3/ w @ 4> ===> W 1 D odujh W lv fkrvhq +vd| 7> 333,

wr wu| wr uhsolfdwh dq lq�qlwh vdpsoh dv forvho| dv srvvleoh1 Iurp wkh ixqfwlrqdo

fhqwudo olplw wkhruhp zh nqrz wkdw

W�4@5
^Wu`[
w@4

%
w

, Z +u,>

zkhuh Z +u, lv d vwdqgdug EP dqg 3 � u � 41 Iru d jlyhq u/ dq dssur{lpdwh

vlqjoh uhdol}dwlrq iurp d EP lv wkhuhiruh

Z +u, � W�4@5
^Wu`[
w@4

%
w

=

Wkhq wklqn ri wkh lqwhjudo dv d vdpsoh phdq/ l1h1/ uhsodfh
U
4

3
zlwk 4

W

S
W

w@4
1

Djdlq/ wklv lv mxvw wkh rssrvlwh ri wkh dv|pswrwlfv1 Wkxv/ wr vlpxodwh
U
4

3
Z +u,gu

uhsodfh Z +u, e| W�4@5
S

^Wu`

w@4
{
w

dqg
U
4

3
e| 4

W

S
W

w@4
/ vr d vlqjoh uhdol}dwlrq lv

]
4

3

Z +u,gu � W�6@5
^Wu`[
w@4

{
w

=
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Vlploduo| ]
4

3

Z 5+u,gu � W�5
^Wu`[
w@4

{5
w

=

Wkh pdlq lghd lv wr orrn dw wkh dv|pswrwlfv dqg zrun edfnzdugv/ l1h1/ uhsodfh

wkh olplw txdqwlw| zlwk lwv vdpsoh frxqwhusduw duwl�fldoo| jhqhudwhg iurp zlwk

d odujh vdpsoh1

Wkh rwkhu zd| wr surfhhg lv wr vlpso| vlpxodwh wkh whvw vwdwlvwlf xqghu lghdo

frqglwlrqv zlwk d odujh vdpsoh1

Iroorzlqj wkh sdshu ri Kduulv dqg Lqghu +4<<7, zh vlpxodwh wkh phdq dqg

yduldqfh ri Y +u,5/ zkhuh
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45
duh lqghshqghqw vwdqgdug Eurzqldq prwlrq1 Qrwh wkdw Y +u,

lv lqghshqghqw ri qxlvdqfh sdudphwhuv dqg ghshqgv rqo| rq wkh glphqvlrq ri n/

wkh qxpehu ri uhjuhvvruv1

DFNQRZOHGJPHQWV

Zh wkdqn wkh Hglwru/ H1 Pdvvrxqpx/ dqg d uhihuhh iru frqvwuxfwlyh frp0

phqwv1

Uhihuhqfhv

^4` Eloolqjvoh|/ S1 +4<;9,/ Suredelolw| dqg Phdvxuh/ Mrkq Zloh|/ Qhz \run1

5:



^5` Euhlwxqj/ M1/ dqg Ph|hu/ Z1 +4<<7,/ �Whvwlqj iru Xqlw Urrwv lq Sdqho

Gdwd= Duh Zdjhv rq Gl�huhqw Edujdlqlqj Ohyhov FrlqwhjudwhgB� Dssolhg

Hfrqrplfv/ 59/ 68606941

^6` Fkrl/ L1 +4<<7,/ �Uhvlgxdo0Edvhg Whvwv iru wkh Qxoo ri Vwdwlrqdulw| zlwk

Dssolfdwlrqv wr X1V1 Pdfurhfrqrplf Wlph Vhulhv/� Hfrqrphwulf Wkhru|/

43/ :530:791

^7` Kduulv/ G1/ dqg Lqghu/ E1 +4<<7,/ �D Whvw ri wkh Qxoo K|srwkhvlv ri Frlqwh0

judwlrq/� lq Qrqvwdwlrqdu| Wlph Vhulhv Dqdo|vlv dqg Frlqwhjudwlrq/� Kdu0

juhdyhv/ Frolq S1/ Hg1/ R{irug Xqlyhuvlw| Suhvv/ Qhz \run1

^8` Lp/ N1/ Shvdudq/ Kdvkdp/ P1/ dqg Vklq/ \1 +4<<8,/ �Whvwlqj iru Xqlw Urrwv

lq Khwhurjhqrxv Sdqhov/� Pdqxvfulsw/ Ghsduwphqw ri Dssolhg Hfrqrplfv/

Xqlyhuvlw| ri Fdpeulgjh1

^9` Ndr/ F1 +4<<:,/ �Vsxulrxv Uhjuhvvlrq dqg Uhvlgxdo0Edvhg Whvwv iru Frlqwh0

judwlrq lq Sdqho Gdwd/� Mrxuqdo ri Hfrqrphwulfv/ frqglwlrqdo dffhswdqfh1

^:` Ndr/ F1/ dqg Fkldqj/ P10K1 +4<<:,/ �Rq wkh Hvwlpdwlrq dqg Lqihuhqfh

ri d Frlqwhjudwhg Uhjuhvvlrq lq Sdqho Gdwd/� Hfrqrphwulf Wkhru|/ Xqghu

Uhylvlrq1

^;` Nlqj/ P1 D1/ dqg Kloohu/ J1 K1 +4<;8,/ �Orfdoo| Ehvw Lqyduldqw Whvwv ri wkh

Huuru Fryduldqfh Pdwul{ ri wkh Olqhdu Uhjuhvvlrq Prgho/� Mrxuqdo ri wkh

Ur|do Vwdwlvwlfdo Vrflhw|/ E 7:/ <;04351

^<` Nzldwnrzvl/ G1/ Skloolsv/ S1 F1 E1/ Vfkplgw/ S1/ dqg Vklq/ \1 +4<<5,/ �Whvw0

lqj wkh Qxoo K|srwkhvlv ri Vwdwlrqdulw| Djdlqvw wkh Dowhuqdwlyh ri d Xqlw

Urrw/� Mrxuqdo ri Hfrqrphwulfv/ 87/ <404481

^43` Ohylq/ D1/ dqg Olq/ F10I1 +4<<6,/ �Xqlw Urrw Whvwv lq Sdqho Gdwd= Qhz

Uhvxowv/� Glvfxvvlrq Sdshu/ Ghsduwphqw ri Hfrqrplfv/ XF0Vdq Glhjr1

^44` Oh|erxuqh/ V1 M1/ dqg PfFdeh/ E1 S1 P1 +4<<6,/ �D Vlpsoh Whvw iru Frlq0

whjudwlrq/� R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 88/ <:04361

5;



^45` Pdggdod/ J1 V1/ dqg Zx/ V1 +4<<9,/ �D Frpsdudwlyh Vwxg| ri Xqlw Urrw

Whvwv zlwk Sdqho Gdwd dqg d Qhz Vlpsoh Whvw= Hylghqfh Iurp Vlpxodwlrqv

dqg wkh Errwvwuds/� Pdqxvfulsw/ Ghsduwphqw ri Hfrqrplfv/ Rklr Vwdwh

Xqlyhuvlw|1

^46` Shgurql/ S1 +4<<8,/ �Sdqho Frlqwhjudwlrq= Dv|pswrwlf dqg Ilqlwh Vdpsoh

Surshuwlhv ri Srrohg Wlph Vhulhv Whvwv zlwk dq Dssolfdwlrq wr wkh SSS

K|srwkhvlv/� Pdqxvfulsw/ Ghsduwphqw ri Hfrqrplfv/ Lqgldqd Xqlyhuvlw|1

^47` Shgurql/ S1 +4<<9,/ �Ixoo| Prgl�hg ROV iru Khwhurjhqhrxv Frlqwhjudwhg

Sdqhov dqg wkh Fdvh ri Sxufkdvlqj Srzhu Sdulw|/� Pdqxvfulsw/ Ghsduwphqw

ri Hfrqrplfv/ Lqgldqd Xqlyhuvlw|1

^48` Skloolsv/ S1 F1 E1 +4<;9,/ �Xqghuvwdqglqj Vsxulrxv Uhjuhvvlrqv lq Hfrqr0

phwulfv/� Mrxuqdo ri Hfrqrphwulfv/ 66/ 64406731

^49` Skloolsv/ S1 F1 E1 +4<;:,/ �Wlph Vhulhv Uhjuhvvlrq zlwk d Xqlw Urrw/�

Hfrqrphwulfd/ 88/ 5::06351

^4:` Skloolsv/ S1 F1 E1/ dqg Gxuodxi/ V1 Q1 +4<;9,/ �Pxowlsoh Wlph Vhulhv Uhjuhv0

vlrq zlwk Lqwhjudwhg Surfhvvhv/� Uhylhz ri Hfrqrplf Vwxglhv/ 86/ 7:607<91

^4;` Skloolsv/ S1 F1 E1/ dqg Kdqvhq/ E1 H1 +4<<3,/ �Vwdwlvwlfdo Lqihuhqfh lq Lq0

vwuxphqwdo Yduldeohv Uhjuhvvlrq zlwk L+4, Surfhvvhv/� Uhylhz ri Hfrqrplf

Vwxglhv/ 8:/ <<04581

^4<` Skloolsv/ S1 F1 E1/ dqg Oruhwdq/ P1 +4<<4,/ �Hvwlpdwlqj Orqj0Uxq Hfr0

qrplf Htxloleuld/� Uhylhz ri Hfrqrplf Vwxglhv/ 8;/ 73:07691

^53` Skloolsv/ S1 F1 E1/ dqg Prrq/ K1 +4<<:,/ �Olqhdu Uhjuhvvlrq Olplw Wkhru|

iru Qrqvwdwlrqdu| Sdqho Gdwd/� Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu1

^54` Txdk/ G1 +4<<7,/ �H{sorlwlqj Furvv Vhfwlrq Yduldwlrq iru Xqlw Urrw Lqihu0

hqfh lq G|qdplf Gdwd/� Hfrqrplfv Ohwwhuv/ 77/ <04<1

^55` Txlqwrv/ F1/ dqg Skloolsv/ S1 F1 E1 +4<<6,/ �Sdudphwhu Frqvwdqf| lq Frlq0

whjudwlqj Uhjuhvvlrqv/� Hpslulfdo Hfrqrplfv/ 4;/ 9:80:391
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^56` Vdlnnrqhq/ S1 +4<<4,/ �Dv|pswrwlfdoo| H!flhqw Hvwlpdwlrq ri Frlqwhjud0

wlrq Uhjuhvvlrq/� Hfrqrphwulf Wkhru|/ :/ 40541

^57` Vdlnnrqhq/ S1/ dqg Oxxnrqhq/ U1 +4<<6,/ �Whvwlqj iru d Prylqj Dyhudjh

Xqlw Urrw lq Dxwruhjuhvvlyh Lqwhjudwhg Prylqj Dyhudjh Prghov/� Mrxuqdo

ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;;/ 8<909341

^58` Vklq/ \1 +4<<7,/ �D Uhvlgxdo Edvhg Whvw ri wkh Qxoo ri Frlqwhjudwlrq

Djdlqvw wkh Dowhuqdwlyh ri Qr Frlqwhjudwlrq/� Hfrqrphwulf Wkhru|/ 43/

<404481

^59` Wdqdnd/ N1 +4<<3,/ �Whvwlqj iru d Prylqj Dyhudjh Xqlw Urrw/� Hfrqrphwulf

Wkhru|/ 9/ 76607771

^5:` Wdqdnd/ N1 +4<<9,/ Wlph Vhulhv Dqdo|vlv= Qrqvwdwlrqdu| dqg Qrqlqyhuwleoh

Glvwulexwlrq Wkhru|/ Zloh|/ Qhz \run1
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