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Abstract

In this paper, we propose two classes of test statistics for detecting a break at an unknown date in
panel data models with time trend. The first one is the fluctuation test of Ploberger-Kramer-Kontrus
(1989). The second one is based on the mean and exponential Wald statistics of Andrew and Ploberger
(1994) and maximum Wald statistic of Andrew (1993). We derive the limiting distributions of the
proposed tests and tabulate the critical values. Asymptotic results were derived I(0), I(1) and nearly
I(1) error terms. Monte Carlo simulations are performed to examine the size and power of the proposed
tests

1 Introduction

Testing for structural changes has been an important research topic in nonstationary time series econometrics.
Recent issues of the Journal of Business and Economic Statistics and Journal of Econometrics are devoted
to such studies, e.g., Chu and White (1992); Hansen (1992); Gregory and Hansen (1996); Campos, Ericsson
and Hendry (1996). Kao and Ross (1995) extended the dynamic cumulative sum (CUSUM) test of Kramer,
Ploberger and Alt (1988) to the model where serial correlation is present. None of these papers has looked
at the tests in the context of the panel data except Han and Park (1989) and Hansen (1999). Han and Park
(1989) proposed a CUSUM and a CUSUM of squares tests for panel data models. Hansen (1999) developed
methods for testing the threshold effects in panel data. In a recent paper, though not a panel context, Bai,
Lumsdaine and Stock (1998) developed methods for testing and constructing asymptotically valid confidence
intervals for the date of a single break in multivariate time series, including I(0), I(1) and deterministically
trending regressors. They showed there are substantial gains by using multivariate time series which have a

common break date.

*An clectronic version of the paper in postscript format can be retrieved from http://web.syr.cdu/“cdkao. Gauss programs
which replicate the Monte Carlo studies are also available this website. Address correspondence to: Chihwa Kao, Center for
Policy Rescarch, 426 Eggers Hall, Syracuse University, Syracuse, NY 13244-1020; c-mail: cdkao@maxwell.syr.edu.



This paper, along with Kao and Chiang (2000), is a first step in understanding how to test for structural
changes when nonstationary panel data is being used. In this paper, we propose two classes of test statistics
for detecting a break at an unknown date in panel data models with time trend. The first one is the
fluctuation test of Ploberger-Kramer-Kontrus (1989). The second one is based on the mean and exponential
Wald statistics of Andrew and Ploberger (1994) and maximum Wald statistic of Andrew (1993). We derive
the limiting distributions of the proposed tests and tabulate the critical values. Asymptotic results were
derived for I(0), I(1) and nearly I(1) error terms. We also show that these tests have non-trivial local
power.

This paper contributes to the literature of testing for structural changes in two ways. First, we extend
the fluctuations tests of Chu and White (1992) and Wald tests of Vogelsang (1997) to panel models. Second,
it provides a serious study of the finite sample properties of the proposed tests.

The organization of the paper is as follows. Section 2 introduces the model and test statistics. The
limiting distributions of the proposed test statistics with an I(0) error term under the null hypothesis are
established. Section 3 gives the limiting distributions of the test statistics under the null hypothesis with
an I(1) error term. In Section 4, we discuss the limiting distributions of the test statistics under the null
hypothesis when the error is nearly I(1). Section 5 establishes the limiting distributions of test statistics
under local alternatives. In section 6 we derive the limiting distributions of the test statistics under both
the null hypothesis and the local alternatives for a polynomial trend model. Section 7 presents Monte Carlo
results to evaluate the finite sample properties of the proposed test statistics. In Section 8 we summarize
the findings. All proofs are in the Appendix.

A word on notation. We use % to denote convergence in distribution, 2 to denote convergence in
probability, [x] to denote the largest integer < x, and I(0) and I(1) to signify a time series that is integrated

of order zero and one, respectively.

2 The Model and the Tests

Consider the following simple linear trend with one-way error component model

Yit = o+ Byt + U, (1)

Uig = fy + Vig,



t=1,..,N,t=1,..T, where {y; } are 1 x 1, 3 is the slope parameters, {1} are the unobservable individual
effects with ; ~ iid (0, %), and {v;;} are AR(1) stationary disturbance terms with

Vit = puir—1 + €it, |p| < 1, (2)

where &5 ~ iid (0,02). The p; are assumed to be independent of vy and vy ~ (0,02), ¢t =2, ..., T, where
0% = 1%;. We assume v;1 = Zg'ﬁ)] o €i1—;, where k is a parameter that governs the variance of the initial
condition. When k =0, v;1 is O,(1). When & > 0, v;; is O,(1) when vy is I(0) but is Op(Tl/Q) when vy is
I(1).

The problem of interest is to test the changes in the parameter § where the change points are unknown.

For testing the null hypothesis
Hy : 3, =0 for all ¢. (3)

The estimator to be considered is the recursive OLS

I v
S Y ()2

: (4)

e =
where

t, =

El e

k
Zt.
t=1

Following Ploberger et al. (1989) and Chu and White (1992), the null hypothesis is rejected if Bk fluctuate
too much, i.e., the null hypothesis is rejected if
,Tnax ‘Bk - gT’

1=1,...,

is too large. Define the test statistic to be

1 (E\? /=~
T, = s VNT3— (= - , 5
1= = <T> (ﬁk 5T> (5)
where
2
2 Ua
0y = (6)
(1-p)°

All limits in Theorems 1-3,5,7-8,10, and Lemma 1 are taken as T — oo for a fixed NV except Theorems
4,6,9 which are taken as T' — oo followed by N — 0o sequentially. Also all the convergences in all the

theorems are uniform convergence in r. We then prove the following theorem:



Theorem 1 Under Hy.

3
VNT36,—(170 <§> (,@k *gT> 4, Go(r),

where
Go(r) = G(r) —r3G(1).

and

Glr) = W) —2 /0 "W (s)ds

Theorem 1 provides the limiting distribution of the test statistic in (5). Since

P(Ty>c¢) — P( sup Go(r)>c>

r*<r<l—r*

_ p( sup Wo(s)|>\/§C> (7)

s*<s<l—s*

under Hy, where Wy(s) is a standard Brownian bridge. Note P ( sup |[Wo(s)| > \/§c> is well known
s*<s<l—s*

(e.g., Chu and White, 1992). Some useful critical values for are .708 (10%), .784 (5%), and .940 (1%).

Consider the alternative hypothesis that there is only one change point k&, i.e.,

By fort=1,.. k
Hy:p, = (8)
By fort=k+1,..T

Let W (k) be the Wald statistic for testing 8, = 85 :

W(k) = Ui%(@lk—ﬁ%)' [(ii(t—ak)?) +<ﬁi <t—%2k>2>] (B — B
1 (Bui— Bor) o
U% [(Zz 1Zt 1 t_tlk 2) - ( i= 1Zt k+1( Z2k)2>_1}
where
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t=1
and
_ 1
Define the following statistic:
o2
Wiy (k) = 37%\7\7(/4)

Then we have the following theorem:

Theorem 2 Under Hjy :

where

G(r)(1—7r)3—r3[G(1) — G(r) + W(Tl) —rW(1)]
[7"3(1 —r)3 [(1 — 7")3 + 7’3” ?

Following Vogelsang (1997), we consider three statistics: supWi(k), MeanW(k), and ExpW;(k), where

Q1(r) =

supWi (k) = sup Wi (k),
[Tr*|<k<T—[Tr*]

le[T'r*]
MeanW (k) = T Wi (k),
k=[Tr*]
T—[Tr*] 1
ErpWi(k) =log | % > exp <§wl<k>> |
k=[Tr*]

and r* is the fraction of trimming, usually taken to be either 0.15 or 0.01. Using the continuous mapping

theorem we then have the following corollary:
Corollary 1 Under Hy :

1. supWi(k) 4 sup Q1(r),

r*<r<l—r*



1—7r*

2. MeanWi(k) %[5 Qy(r)dr,
3. ExpWi (k) 4 log (f:*_r* exp (3Q1(r)) dr) .

Remark 1 1. In practice, we need to replace o2 by a consistent estimator, 8? (e.g., Baltagi, 1991 ). The

limiting distributions of Ty and W1 (k) will be unchanged if we replace o2 by G2,

2. The results in this section will not change if we replace the AR(1) assumption in (2) by a more general

process, e.g.,
v = P(L)ey = Z%&t—j,
=0
where Z;ioj ’1/;j| < 00 and gy ~ iid (0, og) . Then 03 = U?@bz(l). Note (1) = ﬁ if vy 1s assumed
to be an AR(1) in (2).

3. Also the results of this section will not change if we replace iid by martingale difference sequence (MDS)

for 4.

4. The homogeneity assumption made for o2 and p across i can be relaved by allowing (T?i and p; to
differed for different i. The limiting distributions of Ty and W1 (k) will be unchanged if we define o2

and o2 as follows

9 1 & o2
NN LT

and

3 The Limiting Distribution of the Test Statistics when p =1

Model (2) is restrictive because it excludes v;; to be I(1). We investigated the asymptotic properties of the
two test statistics, Ty and Wy (k), in Section 2. In this section v; is I(1). We will show that the previous
conclusions in Section 2 are substantially altered when v;; is I(1). Define

o () (-5r)

VNT

T, = sup . (10)

2<k<T—1




Theorem 3 Under Hy and vy = vy_1 + €4 then

VAT (ﬁ>3(ﬁkﬁT)$Ho<r>,

6o. \T
where
Ho(r) = H(r) =’ H(1),
H(r) = Q/OT s [W(s) + W(n)} ds —r /0 [W(s) + W(H)} ds,
and

H(1) =2 /0 g [W(s) + ()] ds /0 1 [W(s) + W ()] ds.

From Theorem 2 we know that the limiting distribution of Ty differs from T}.
Next, define
1 o2

Wa(k) = 75 55 W(k).

Theorem 4 Under Hy and vy = vi—1 + €4 then
Wa(k) % Qa(r)
where

H(r) (1=r)° = [HQ) = H(r) =7 [y W(s)ds+ [ W(s)ds] *

Q2(r) = 172
[r3 (1- r)3 [(1 — 7")3 +T3H /

Using the continuous mapping theorem we then have following corollary:
Corollary 2 Under Hy :
L supWa(k) 5 sup  Qu(r),

r*<r<l—r*
2. MeanWs(k) <, f,,l*_r* Qz(r)dr,
d 1—r® 1
3. ExpWa(k) = log (fT exp (3Q2(r)) dr) :

Remark 2 In practice, we need to replace 02 and k with consistent estimators, 8? and 8. The limiting

distributions of Ty and Wo(k) will be unchanged if we replace 0% and k by (Arg and K. 3? can be formed by

N T

|
~2 _ - o 2
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=1 t=

Moon and Phillips (1999) proposed a consistent estimator for k.



4 Nearly I(1) Errors

In recent years, there has been considerable interest in the asymptotic properties of the estimation and
inference of § in (1) when p is close to one in the time-series (i.e., when N = 1) econometrics literature. In
this section we assume p =1+ ¢/T in (2), i.e., the v; follows a local-to-unit or a nearly I(1) process. The

asymptotics for the test statistic Ty are given in the following theorem:

Theorem 5 Under Hy and vy = pvy—1 + e, p =1+ ¢/T), then

vﬁﬁgis(;)3(&,—Bf)$znw>—r%aa»

where

and
1 ~ 1 ~
H.(1) = 2/ s [Wc(s) + eSCWC(Fa)} ds —/ [Wc(s) + eSCWC(Fa)} ds.
0 0
Next we present the limiting distribution of the Wald Statistic when p = 1+4¢/T. Define the test statistic
2

1 o
:ﬁ?)(rz (k).

We(k)

Theorem 6 Under Hy and vy = pvi—1 + €4, p = 1+ ¢/T, then

1

TaWelk) 5 Qe(r),

where
Qc(r)
Ho(r)(1—r) — [Hc(l) — Ho(r) =7 [} [Wc(s) + eSCWc(/@)} ds+ [ [Wc(s) n eSCWC(K)} ds} 3

[7’3 (1- 7’)3 [(1 — T)B + 7’3] ] V2

2

Remark 3 Note

lim (H.(r) —r*H.(1)) = H(r) — r*H(1)

c—0

and

lim Qu(r) = Qa(1).



5 Local Asymptotic Power

Consider the local alternative:

n_gy L (L
-0+ 7p0(x)
where g is an arbitrary function which has bounded variation on [0,1]. Define

v ! = ot B 4w

and let

I@(T Zf\;1 Zf:l(t - Elk)yz(tT)
k. — —
Zi\; 25:1 (t - tlk)z

be the OLS estimator under the local alternative (11). Similarly, let

1 [k ~(T)  ~(T)
T = su NT3— <—> ( - > :
1 zgkggq 600 \ T B Br
1 k ~(T) ~(T
T = s |VNT (—) (ﬁ,i e ))‘
2<k<T—1 o \T
~(T) (1) ’
1 </81k — Baog )
W(k) = =

§ KZ?{_I Zf:l(t - Elk)z) B + (Zil Z;f:k-i-l(t - fzk)z)_l] |

2
wi) (k) = a_vw(T)(k),
! 303

2

W(T (k) = T2 302

and

2
1

W) = g

W (k)
be the corresponding test statistics under local alternative.

Theorem 7 Under the local alternatives (11),



1. If |p| < 1, then

1 (E\? (1) 1)
NT3E (T) <ﬁk _/GT > iGO(T)"’Op (T),

2. If p=1, then

3
VT (3) (B =31) “ o)+ Zho ),

3. If p=1+ 7, then

3
W (7) (A7 -5 ) 4w =m0+ Zio (),

where

ho (r) = h(r) — r°h(1),

h) = [ " 2g(s)ds — Lr / sg(s)ds,

and

If hg (r) = 0 we obtain the distribution under the null. Next we consider the behavior of W (k) under

sequences of local alternatives.
Theorem 8 Under the local alternatives (11),

1. If |p| < 1, then
2. If p=1, then
3. If p=1+ 7, then

where




6 Polynomial Trend

Consider the panel polynomial regression
Yir = o+ Byt + -+ Bpyt? + wir. (12)

The null hypothesis is 81, = 04, B9y = B9, ..., and (3

ot = B, Let Wyr(k) be the Wald statistic for testing

the null hypothesis.

ar(Bb = q)l” " (Rb—q)
2k)) [ ?;R(Vc”"(ba))R/]il (g(lk) 72(21@))

~

- 0_1% (é(m *éuk))/ [R(Var(b))R ] @(m *é(m) :

Wyr(k) = (Rb—q)'[v

\
—
\(I»
|Q> =

where
~ —~ —~ ~ ~ ~ li
b = (51(11@,52(1;:), cee 7ﬁp(1k)751(2k)aﬁ2(2k)’ e 7ﬁp(2k))
~ ~ li
(ﬁ(lk) ’ é(%))

is a 2p x 1 vector,

N k i / - -1
Ve — | [Zir Ztat =t € ~Taw) Opy 1
0p><p [Zz IZt k+1( t(Qk)) ( _Z(Qk))
is a 2p X 2p matrix, and
(1 0 0 -1 0 0 ]
0 1 0 0 -1 0O
R= .
0 0 0 0
0 0 1 0 0 -1 |
is a p X 2p matrix. Also,
R k 1T Nk
Biawy = [Z D t—Tan) t—Fa)| DD (- i(lm)'%t] :
o | 1 ==
N T 1 lrNy T
Biok) [Z Z —ton) t—Tom)| | D2 D 1(%))'%] :
=1tk 1 L=t t=kt1

11



where

inr)

wl»—'

Lk
Yk = (E >ty

t=1

and

] R 1 &
;(%)_<m > b > tp).

t=k+1 t=k+1
More specifically, we calculate the Wald statistic for the model (12) with p =2 :

Yir = @ + Byt + Bogt® + wi.

Thus we have

7

1 /4 > =1 (3 3
Wk =25 (é(lk) 7§(2k)> [R(Var(vu))R )™ (ﬁ(m 7§(2k)) ’

where

~ ~ ~ ~ /

b = (51(11:),ﬁ2(1k),51(2k),52(2k)>
~ ~ /
- (éuk)’ﬁ(%))

is a 4 x 1 vector,

[ S~ By (¢~ Fue)] o2
Oz5c2 | S e (= Ea)) (¢~ Ean)

10 -1 0
R:
[0 1 0 —1]

t=(tt%),

Var (bs) =

-1

is a 4 x 4 matrix, and

is a 2 X 4 matrix,
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and

Define the following test statistics

oy
Wip(k) = —5 W(k),
0
1 2
Wap (k) = 5 —5 Wa(k),
and
1 02
Wep(k) = ﬁa—zwp(k%

Theorem 9 Under Hy we have the following:

1. If |p| < 1, then
2. If p=1, then

3. If p=1+ 7, then
Wep(R) % Pe(r).
where Py (r), Py (r), and P, (r) are given in the Appendiz.

Next we consider the behavior of W, (k) under sequences of local alternatives. Consider the sequence of

local alternatives

(1) _ 1 t .
ﬁjt —ﬂjJng(?), forj=1,---,p.

Theorem 10 Under the local alternatives (11),

13



1. If |p| < 1, then
2. If p=1, then

3. If p=1+ 7, then
d 1
W) [P0+ 25 1)

where Py (r), Py(r), P.(r), and Ry (r) are given in the Appendiz.

7 Finite Sample Simulations

First, the critical values for each of the proposed test statistics are simulated. This was accomplished by
simulating simple Brownian Motion and then using this to simulate the limiting distributions for each of the
proposed test statistics. Each simulation involves 10,000 replications. The asymptotic critical values of
the tests are given in Table 1.

Simulations are also done to examine the empirical size and power of the proposed test statistics. For

the size simulations, the model is set as follows:
Yir =0+2+p; +vir,t=1,... , Nt =1,..,T,
with g, YN (0,0%) and v follows an AR(1) with

Vig = PUi—1 + €4,

e N (0,02) and vy = NI pesi_;, where k = 0 and p = (0,0.2,0.4,0.6,0.8,0.9,0.95,1.0). We fix

ai +02 =10 and let A = 0—;“0—’2 take the value 0. The following sample size combinations are used for
Ty and T5: N = 1,10,25,50 and T = 10,25,50,100. For tests involving W7 and Wy, the smallest value
of T used is 14. This is so that 15% trimming can be used meaningfully. Each experiment involves
5,000 replications. For each replication we estimated the model using the recursive least squares estimator.
Trimming of 15% was used for the tests involving W7 and W5. The simulations were performed by an Ultra

Enterprise 3000. GAUSS 3.2.31 was used to perform the simulations. Random numbers for u,; and e;; were

generated by the GAUSS procedure RNDNS. At each replication, we generated an N (T + 1000) length of

14



random numbers and then split it into N series so that each series had the same mean and variance. The
first 1,000 observations were discarded for each series.

Tables 2-5 give the empirical sizes of the tests for various values of p, N, and T by choosing kK = A = 0.
First we consider 77, the fluctuations-type test for the case when the disturbances are stationary. Table 2
shows that the empirical size of T} is much smaller than the nominal size of five percent when T' = 10, even
when N = 50. It can also be seen that the empirical size is essentially zero for p > 0.2. When the value
of T increases, the empirical size increases but is still smaller than the nominal size of five percent but the
test has better size properties for the cases with p > 0.2. When T = 25 we see that the empirical size is
essentially zero for p > 0.4. When T = 50 we see that the empirical size is essentially zero for p > 0.6.
When T' = 100 we see that the empirical size is essentially zero for p > 0.8. From Tables 2-5, we see that
the test statistic 77 has empirical size that is much smaller than the nominal size of five percent in small
samples. However, it is important to note that the empirical size does indeed equal the nominal size when
the the value of T is very large.

We next consider T5, the fluctuations-type test for the case when the disturbances are nonstationary, i.e.,
when p = 1. Table 2 shows that the empirical size of T3 is slightly greater than the nominal size of five
percent when 7" = 10 and p > 0.8. However, the empirical size is less than the nominal size for p < 0.6.
When the value of T increases, the empirical size gets closer to the nominal size of five percent, but only
for values of p very close to 1. When T = 25 the empirical size is essentially zero for p < 0.8. When
T = 50 the empirical size is essentially zero for p < 0.9. When T = 100 the empirical size is essentially zero
for p < 0.95. However, if the p = 1, then T3 performs quite well, in terms of empirical size, even in small
samples. It is also true that if 7' = 10, T outperforms 77, in terms of empirical size, for all values of p # 0.

Next we consider the Wald-type tests for the case of stationary disturbances, i.e., p < 1. We consider
three statistics, supWy, MeanW;, and FxpW;. The empirical size of supW; is much smaller than the
nominal size in small samples. When T = 14 the empirical size of supW; is essentially zero for p > 0.2.
When T = 25 the empirical size is essentially zero for p > 0.4. When T = 50 the empirical size is essentially
zero for p > 0.6. When T = 100 the empirical size is essentially zero for p > 0.8. The empirical size of
MeanW; is slightly larger than the nominal size in small samples when p = 0. When T = 14 the empirical
size of MeanWj is essentially zero for p > 0.4. When T = 25 the empirical size is essentially zero for
p > 0.6. When T" = 50 the empirical size is essentially zero for p > 0.8. When T" = 100 the empirical size is
essentially zero for p > 0.9. The test statistic ExpW; has empirical size approximately twice the nominal
size for p =0 and T' < 25. Actually, the empirical size of FxpW is larger than the nominal size for p = 0,

in all of the simulations. However, the empirical size is very close to the nominal size of five percent for
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p = 0.2, in all of the simulations. When T" = 14 the empirical size is essentially zero for p > 0.4. When
T = 25 the empirical size is essentially zero for p > 0.6. When T = 50 the empirical size is essentially zero
for p > 0.8. When T" = 100 the empirical size is essentially zero for p > 0.9. The statistics MeanW; and
ExpW1 have very similar empirical sizes when T > 50.

We finally consider the Wald-type tests for the case of nonstationary disturbances, ie., p = 1. We
consider three statistics, supWa, MeanWs, and ExpW,y. The test statistics supWo and MeanWs have very
similar size properties in the finite sample simulations. When T = 14 the empirical size is essentially zero
for p < 0.4. When T = 25 the empirical size is essentially zero for p < 0.8. When T' = 50 the empirical size
is essentially zero for p < 0.9. When T = 100 the empirical size is essentially zero for p < 0.95. If p =1,
supWso and MeanWy have empirical size approximately equal to the nominal size of five percent, no matter
what the sample size. The test statistic ExpWs has empirical size equal to 100% in all of the simulations.

The test statistics MeanW; and ExpW; appear to be superior to 77 and supW; in small samples, in
terms of empirical size. Further, if T' < 25, the test statistic MeanW; appears to be superior to ExpWj.
It is also important to note that the empirical size of the test statistics T1, supWi, MeanW1, and ExpW;
is approximately equal to the nominal size when the sample size is very large and p = 0. The test statistics
Ty, supWa, MeanWy are superior to FxpWs in small samples, in terms of empirical size. Further, the test
statistic Ty appears to have better empirical size properties for small values of p when T < 25. It is also
important to note that the empirical size of the test statistics Ty, supWsa, and MeanWy, and ExpW; is
approximately equal to the nominal size when the sample size is very large and when p = 1 for Ty, supWa,
MeanWs, and ExzpWa.

To simulate the empirical power of the proposed tests, we generate data from a piecewise trend stationary

function. The data generating process is

542t + p; + uge fort=1,...,[\T]
Yit =
at+(2+02)t+ pu; +uy fort=[NT+1,..,T

where A denotes the proportion of the sample at which a structural break occurs. We consider the change
points A =0.1,0.2,--- ,0.9.

Tables 6a-6d give the size-corrected power for the test statistic 77. Several observations are worth
mentioning. The size-corrected power of 17 increases as A increases or as T increases. Also, for given
values of A and T, the size-corrected power of T} increases as N increases. In fact, the size-corrected power
is greatly increased for given values of A, p, and T even for the small increase in N from 1 to 10. When

T = 10 the size-corrected power of T is quite small but begins to increase for A > 0.6. It is apparent, even
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at this small value of T, that the size-corrected power of T increases as N increases. When T = 100 and
N = 50 the size-corrected power of T} is essentially 100% when A > 0.1 for p = 0 or 0.2. When T = 100
and N = 50 the size-corrected power of T3 is essentially 100% when A > 0.4 for all values of p # 1.

Tables 7a-7d give the size-corrected power for the test statistic T,. Again, several observations are worth
mentioning. The size-corrected power of T5 increases as A increases or as T increases. Also, for given values
of A and T, the size-corrected power of T5 increases as N increases. Indeed, the size-corrected power is
greatly increased for given values of A, p, and T even for the small increase in N from 1 to 10. When 7" = 10
the size-corrected power of T3 is quite small but begins to increase when A > 0.5. It is apparent, even at this
small value of T, that the size-corrected power of T5 increases as N increases. When T = 100 and N = 50
the size-corrected power of T is essentially 100% when A > 0.5 for all values of p.

Actually, all of the test statistics display similar properties concerning size-corrected power. The size-
corrected power increases as A increases or as T increases. Also, for given values of A and T', the size-corrected
power increases as IN increases. Indeed, the size-corrected power is greatly increased for given values of A,
p, and T even for the small increase in N from 1 to 10.

Tables 8a-8d give the size-corrected power for the test statistic supW;. When T = 100 and N = 50 the
size-corrected power of supW; is essentially 100% when A > 0.1 for p = 0, 0.2, 0.4, or 0.6. When T = 100
and N = 50 the size-corrected power of supW, is essentially 100% when A > 0.4 for all values of p # 1.
Tables 9a-9d give the size-corrected power for the test statistic MeanW;. When T = 100 and N = 50 the
size-corrected power of MeanW/ is essentially 100% when A > 0.1 for p =0, 0.2, 0.4, or 0.6. When T = 100
and N = 50 the size-corrected power of MeanW; is essentially 100% when A > 0.4 for all values of p # 1.
Tables 10a-10d give the size-corrected power for the test statistic ExpWi. When T' = 100 and N = 50 the
size-corrected power of ExpW, is essentially 100% when X > 0.1 for p =0, 0.2, 0.4, or 0.6. When T = 100
and N = 50 the size-corrected power of ExpW; is essentially 100% when A > 0.4 for all values of p # 1.

The size-corrected power is very similar for each of the statistics, supW;, MeanW;, and ExpW;, for
all values of A, p, N, and T. We can also see that the test statistics supWi, MeanWi, and ExpW; all
outperform the test statistic 77, in terms of size-corrected power.

Tables 11a-11d give the size-corrected power for the test statistic supWsy. When T' = 100 and N = 50 the
size-corrected power of supWs is 100% when A > 0.1 for p =0, 0.2, 0.4, or 0.6. When 7" = 100 and N = 50
the size-corrected power of supWy is essentially 100% when A > 0.5 for all values of p. Tables 12a-12d give
the size-corrected power for the test statistic MeanWs. When T' = 100 and N = 50 the size-corrected power
of MeanWy is essentially 100% when A > 0.1 for p = 0, 0.2, 0.4, or 0.6. When 7" = 100 and N = 50 the
size-corrected power of MeanWs is essentially 100% when A > 0.5 for all values of p. Tables 13a-13d give
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the size-corrected power for the test statistic ExzpW,. When T = 100 and N = 50 the size-corrected power
of ExpWy is essentially 100% when A > 0.2 for p =0, 0.2, 0.4, 0.6 or 0.8. When T = 100 and N = 50 the
size-corrected power of ExpWs is essentially 100% when A > 0.5 for all values of p.

The size-corrected power is also very similar for each of the statistics, supWa, MeanWy, and ExpWa,
for all values of A, p, N, and T. Additionally, we see that the test statistics supWo, MeanWsy, and ExpWo
are very similar to the test statistic 75 in terms of size-corrected power.

The results for the empirical size of the test statistics and for the size-corrected power of the test statistics
are very similar for the cases where nominal size is ten percent and one percent. Hence, only the cases with

nominal size equal to five percent are reported here.

8 Conclusion

This paper proposes a class of tests for testing the structural change of a time trend model in panel data.
The results are confirmed by means of Monte Carlo experiments. The simulations show that the sample
sizes must be quite large in order for the test statistics to have optimal size and power properties when
p < 1. The test statistic MeanW; is the preferred test statistic when the disturbances are stationary, i.e.,
when p < 1. For the case when the disturbances are nonstationary, the test statistics 75, supW,, and
MeanWsy are all preferred to ExpWso. However, both the empirical size and size-corrected power properties
of all of the test statistics are greatly improved as N increases, for any value of T. In very small samples, it
may be necessary to use finite sample critical values instead of the critical values obtained from the limiting
distributions. Using this technique will result in optimal size properties and the power properties will be as

reported in Tables 6a-13d.

Appendix

A Proof of Theorem 1

Proof. Note that Bk — BT can be written as

Bk‘BT:(Bk_ﬁ)—(BT_5>~
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Under Hy we know

VR () — TE|T

Note
k k
1 , k1 , 1,
t=1 t=1
as T — oo and
1 & 1 & 1<
T 2 (- tvn = mE ) (-3 tua
t=1 t=1 t=1
k
1 k(k+1
- T3/2 ;(t 2]{: )vzt
[k k
1 E+1
— o [ (z )]
[ k k k
1 k 1
T3/ t=1 2 <t=1 2 t=1
- R X
4, oo |TWi(r) —/ VVi(S)dS] — 5”07"%(7’)
L 0
1 T

= 500 [TW (r)—2 | W, (r)dr

uniformly in r as T — oo since (e.g., Lemma 1.1, Chu and White, 1992)

T3/2 Ztvn — 0 [TW / Wi(s ,

uniformly in 7 and

where



Now

VNT (B, - 8)
\/— Zz 1 [TS/z Zt 1( )Uzt}
F e 1( ti)?
k 1 &
12 <T> \/_Z T—g v%t +Op(1)
For a fixed N as T'— oo we have
N k N
1 1 - d 600 [ / } 6og
12— — t—ty)vyg — —— Wi(s = — Gi(r
VR 2o 2 w—vu w4
uniformly in 7, where G;(r) = rW;(r) — 2 fo s)ds is a Gaussian process with zero mean and variance,
%7"3, i.e., for each r
1
Gi(r) ~ N(0, §r3)
Hence
L 6 ~ N0, 119
— i(r) ~ , =T
VN & 3

for all N. Finally,
Similarly,

It follows that

uniformly in 7 as T— oo for all N proving Theorem 1. H

B Proof of Theorem 2
Proof. First we note that

(Blk - BQ}C) = (Blk - 6) - (BQ]C - ﬁ) .
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Then under Hy

ey

i=1 {T;%l/z Z?:l(t*flk)vi,t}
7T 2t (t—tin)?
i=1 { v3l/2 ZtT:k-+1(t*t2k-)’Uit}
T

e (t—Tak)?

il [ﬁ Y (- flk)vit}

ﬁ Ziil [ﬁ ZZ:k-H(t - ZZk)Uit}
60or~3G(r)

600 (1—7) "> (G(1) — G(r) + W(r) — rV (1))

— 6o | G)  GQ) = G(r) + W(r) —rIW(1)
ago 3 (1 N T)3

< [

| 12(1-r)

uniformly in r since

(T-k)> 1
T3

t=k+1
1 3
- 1 _
and

1202 e Y | T (¢ = Fuavu
12(1 - 7")_3 ﬁ Zi\;1 [ﬁ ZZ:IC-H(t - %Qk)”it}
6oor—3G(r) ]

d
— .
[ 600 (1 —7)"2(G(1) — G(r) + W(r) — rW (1))
uniformly in r» as T — oo for all N. Note

L
NT?

N k

i=li=1 i=1 t=k+1
1 k - 1 T -1
= (ﬁ Z@—fm)"’) + <ﬁ > <t—f2k)2)
t=1 t=k+1
15\ 1 N
— —_ 17
“(wr) lmu)
_ 12 12
3 (1—r)°
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Then

2

1 [VNT3 (/81k *ﬂzk)}
Wi(k) = 3277, =) N 1
[(WZ IZt 1(t*t1k) ) + (NT3 Z 1Zt k+1( t2k)2> ]
2
G(r)  GQ)—-G(r)+W(r)—rW(1)
4 1 {870 e —
2 12 12
30-0 = + (1_7,)3
[a(r) _ G(l)-G(r()Jrvv)(r)—rwu)r
r3 1—7)3
™ T T
[Ga-r*—[c)-C (T)+W(T)fTW(1)]T3] 2
. 'r"f‘(lf'r)3
- 1—7)3 43
7’3(177”)3

[G(r)(1—7)® = r3[G(1) — G(r) + W(r) —rW(1)]]?
r3(1—r)3 [(1 — 7")3 + 7’3]

G(r)(1—r)* —r*[G(1) — G(r) + (7"1) W)
[7"3(1 —r)3 [(1 - 7") +7’3H :

uniformly in 7 proving Theorem 2. B

C Proof of Theorem 3

Proof. Note that v;; = Zj:o €ij SO
1< 1
T2 22: (t —ti)ui = T52 ; — fik )it

1 & 1
= mzl(t—gzt)vit
t=

t

k :k 1 k
S ()

= # L_l tvg — g (; v¢t> - = szt]
<, 05/0 s W(K])} ds — %T/OT [W(s) + W(Fé)} ds

o[+
= G2 s e e Weo]as - [ [wee) + W] as

I

j‘
< —

M)
1
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since

1 " —
572 Ztvn — (75/ s [W(s) + W(n)] ds,
t=1 0
k k
1 k 1k 1
T/ 2V = QT 2

and

k
1
7573 D Vit = op(1)
t=1
uniformly in 7. Then

N k _
ﬁ Zi:l [ﬁ Zt:l(t - tlk)uit}
k -

N1 X 1 &
= 12 <—> — Z — Z(t — t1k) Vit
T VN i=1 T/ t—1

+ 0p(1)

~ Gor [2 /0 s [W(s)+ W(w)] ds —r /0 ' [W(s) + W () ds].

uniformly in r as T — oo for all N. It follows that

m&l (%)3 (Bk - 5) = 2/; s [W(S) + W(H)} ds — r/or [W(s) + W(n)} ds = H(r).

In a similar fashion, we have

VNT

6(175 (BT . 5) 4,9 /0 g [W(s) + W(n)} ds — /0 1 [W(s) + W(n)} ds = H(1).

uniformly in r as T' — oo for all N. We therefore prove the Theorem 3, i.e.,

\/ﬁ&i <§>3 (B~ Br) % HE) P H() = Hor).

uniformly in 7 as T — oo for all N. R
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D Proof of Theorem 4

Proof. From the proof of Theorem 3 we know that
VNT (% - 5) 4 60.r"3 H(r)
and
VNT (B% . 5) 4 6o, (1— 1) [H(l) ~H(r) - r/ol W(s)ds + /0 W(s)ds}
uniformly in 7. Then
VNT (Blk - sz)

= |1 1] m@lkﬂw
VNT (B, — )

60.r 3H(r)
SRR 6o (1— 1) ( H(1)— H(r)- ) +op(1)
: rfol W(s)ds + [, W(s)ds
e lH(r) CH() = H(r) =7 Jy W(s)ds + fOTW(s)ds]
ot (1-r)°
uniformly in r. Also
| Nk . -1 | N . -1
(W Zl ;(t - tlk)2> + (NT3 ;t—;q(t - t%)2>
12 12

()

uniformly in r. Hence

) . (VT (B~ )|

—Wok) = —
T2 30’3 _ —1 B 1
(e S - F) (e S S0 7?) |
H() _ HO)=H()=r [} W(s)ds+[J W(s)ds\1?
o 1 160 (55 (=) )}
12 12
30’2 r_3+(1—r)3

B H(r)(1-7)° - (H(l)*H(r)*Tfol W(s)ds + fg W(s)ds) ot
(- (- )"

—

uniformly in 7 proving Theorem 4. B
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E Proof of Theorem 5

Proof. Note that vy = pviz—1 + &5 with p =1+ ¢/T, so

k

Z(t — t1g) U

t=1

T5/2

uniformly in r since

and

uniformly in 7. Then

VNT (B, - 5)

1 1
A N (R
T5/2 ; L ; 1
1 [ Et1) (&
= o2 Ztvit_ ( 3 ) (Z%&)]
=1 t=1
1 [& k(& 1<
= o2 Ztvit -3 (Zvit) — 52%%]
=1 t=1 t=1
b [ s [Wuts) e W] ds = For [ [Weto) +e W) ds
0 2 Jo
= % [2/ s [WC(S) _A'_eSCWC(K)} ds —r/ [Wc(s) +€SCWC(/€)} ds}
0 0
1 < v
T52 ;tvit — 05/0 s [Wc(s) + e W, ( )] ,
1k 1 &
775 szt AT 2
d O¢
A

k
1
7573 D Vit = op(1)
t=1
N k
ﬁzz=1 [Tl/z =1 (¢ tlk)“it}

tlk Vit +0p(1)

7’*3% [2 /OT s [WC(S) + escwc(/ﬁ)} ds — T/OT [Wc(s) + esch(n)} ds]
6073 {2 /0 T [Wc(s) + eSCWC(H)} ds—r /0 ' [Wc(s) + escm(n)} ds] .
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uniformly in r as T — oo for all N. It follows that

UNT (£ (B0) %2 [ [Wete) + ] as o [ [Weto) + o Weto] s = o)

In a similar fashion, we have

vVNT !

60,

(BT - 6) 4, 2/01 s [Wc(s) + eSCWC(H)} ds — /01 [Wc(s) + eSCWC(H)} ds = H,(1).

uniformly in r as T' — oo for all N. We therefore prove Theorem 7, i.e.,

R C O p—

uniformly in  as T'— oo for all N.

F Proof of Theorem 6
Proof. From the proof of Theorem 5 we know that
VNT (Blk - 5) 4 6073 Ho(r)
and
VNT (B, — )
d _3 1 ~ r __
< 6o, (1—1) [Hc(l) ~ H(r) - 7’/0 [Wc(s) te Wc(n)} ds +/0 [Wc(s) te Wc(n)} ds}

uniformly in 7. Then

\/ﬁ (Blk - g?k)

[Wc(s) + eSCWC(H)} ds+ [ :Wc(s) + esc’mvfc(n)} ds}
rs (1—r)°
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uniformly in r. Also

N &k -1 N T -1
(ﬁ ZZ(t — f1k)2> + (N;:i ' Z (t— sz)2>

=1 t=k+1

B VAT (B~ )]
30 [(ﬁ Zi\;1 27];1(15 - f1k)2)71 + (# Ziil Zf=k+1(t — fzk)Q)l}

eTr eTr 2
{6 {HC(T) {He (1) —He(r)—r [} [We(s)+e* We(r)]ds+ [ [WC(S)HMWC(H)]dS}] }
4 1 Og | =3~ — =7

—_

—

2 12 12
30’ ,,,_'3 + (1_,,,)3

m

H.(1) — Ho(r) — 7 J} [Wc(s) + eSCWC(/ﬁ)] ds+
fo |:Wc(5) + eSCWC(H)} ds

3

He(r) (1-r)° —

[7"3 (1- 7")3 [(1 — 7’)3 + 7"3] } V2

uniformly in 7 proving Theorem 6. H

G Proof of Theorem 7

Proof. The model under the alternative is

i‘/z(tT) = a+ﬂ7(5T)t+uit

= +ﬂ + —=g <—> + U
= « 1 1 Uit
VT 1
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Note

B(T) _ Zi\;1 Zf:ﬂt - fu:)yZ(tT)
k= -
N 25:1 (t - tlk)

Sy Tt =) |t Bt + Jrg (£) 1 4 ua
N Yt~ E)?
+Z£\L1Zt:1( —tik) [ 779 (%)t+uit}
NZle(t - tlk)
Sl Zenat -~ Tt g (1) | S, S~ v

= B+

N Y, (= Fe)? NS (= Fag)?
Then
~(T
VNT? (ﬂi - 6)
o ﬁZi\rlﬁZf 1(t*¥1k) %g(%) ﬁZflﬁZf 1(t*51k)71z‘t
NTqNZt 1(t7t1k) NT3NZt 1t —uk)?
k -3 1 N 1 k
= 12 <_> l Z Z — tik)t—=g <—> +—= Z =7 Z(t — t1g)vie | + 0p(1)
T \/— 3/2 VT \T VN " T3/2 ra
Similarly

- R [a(F) ma D ke

From Theorem 1 we know that

k\? 1 _
T3/2 Z tlk Vit — <?> T/Q Z(t - t)vit] i GO(T’)

uniformly in r. It is easy to show that

T3/2 Z —tik) \/ITg <%> - <§>3 %/2 Z(t —f)t%g (%)




uniformly in 7 since (e.g., Bai, 1996, p. 609)
1 t
T5/2 Z ~ )tz (T)
dl 3 dlg2
— / ds—%r/o ;; g(s)ds

- [ sQQ(S)dS—%r | satsras

and

% g(tf)t%g (%) - /01 s2g(s)ds — %/01 sg(s)ds

uniformly in s. Therefore, for a fixed N
A (T)
( ) ~8r)

a0
N
Z (D)}
uniformly in r as T' — oco. Then

3
N3 <%> (B,(CT _ g(T)> < Go(r) + O, (T)

60’0

uniformly in r for all N proving (a).

The proofs of (b) and (c) are similar to (a) with a different speed.
~(T
VNT (ﬁ,i - ﬁ)

N k < N k =
ﬁzz lﬁZt 1(t*t1k)tﬁg (%) ﬁZz 1#27& 1(t*t1k)”it
NT“NZt 1( ¥1k)2 NT3NZt 1(t - tlk)

k 1 [t 1 L1 &
= 12<T> l ZT5/2Z —t1k) \/—9<T>+ﬁ;m;(tt1k)m +0,(1)

Similarly

VNT (B(T 6)

Yo & 1 1 XL 1 &
Z:T—z:: \/Tg(i> \/_NZT—gtftanrop(l)

ﬂ\H
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which implies that

VNT (Bff —B;”)

and

uniformly in r. Then
1 E\® ~( ~(T
ViTo- (7)) (A7)

4 Ho(r) + 03 K/O s%g(s)ds — %7’/0 sg(s)ds) — 3 (/01 s2g(s)ds — % /01 sg(s)ds)]

uniformly in r for all N proving (b).

To prove (c):

T
VN (ﬁ,i )—ﬁ>
N k < N k =
ﬁZZ 1#21& 1( *tlk)tﬁg (%) ﬁZz lﬁZt 1( *tlk)”it
NT“NZt 1( flk)g NT3NZt 1(t*t1k)

- n(E) Sk () S oo

Similarly

1 1 t 1 L1 &
- 12\/ﬁzm2(tt)tﬁg(—> \/—N;T—gtftvthrOp 1)



which implies that

VAT (B - By

_ \/1_ Nl 12 (E>_3#§;(tzl Yoi — TS/QZ vzt]
V_f; (—>_3#t§:(tm)t% <i> Tmi \}Tg (%) +op (1)

From Theorem 5 we know that

Y 1 &
TS/QZ tlkvzt_(f> T—Zt—t?)zt‘|—>H()—r3H(1)

and
L CNOE

— (/OT s°g(s)ds — %r /OT sg(S)d8> —r? (/01 s2g(s)ds — %/01 Sg(s)ds>

uniformly in . Then
)>

VR (£ (373
L H(r) — P H.(1 03 K s)ds — %7’/0 sg(s)ds) — 3 </01 s2g(s)ds — % /01 sg(s)ds)]
). m

60, \T
uniformly in 7 for all N proving (c

H Proof of Theorem 8

Proof. Under the local alternative we have

VNT® (Bi? - ﬁ)

A A R 2 1 L1
= 12 <T> [\/—N;m;(thk)tﬁg <T>+ﬁ;m;(ttlk)vit + 0p(1)

% 617 (o0 G(r) + Oy (T)]
and

VNT? (3&? - 6) 4 6(1—1) o0 [GO) — Gr) — rW(1) + W(r)] + Oy (T)],
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uniformly in r where
Glr) = W) —2 /0 W(r)dr.
Part (a) holds using the proof of Theorem 2 with G(r) and G(1) — G(r) — rW (1) + W(r) replaced by
G(r) + Oy (T)
and
G(1) —G(r) —rW(Q)+W(r)+ O, (T),
respectively. Then under the alternative

Wi (k)

a ) (G() + 0, (1) (A=) = r*(GA) - G(r) —7’W1(1)+W(7’)+0p(T))
[7’3(1 —r)3 [(1 — 7’)3 + 7"3H ?

2
([(1 —7r)3+ 7’3] G(r) —r3[G(1) —rW(1) + W(r)]) +0,(T)
[7"3(1 —r)3 [(1 - 7")3 + 7’3” :
uniformly in r.
Part (b) holds using the proof of Theorem 4 with H(r) and H(1) — H(r) — rfol W (s)ds + [; W(s)ds
replaced by

and

H() — H(r) — r/01 W (s)ds + /0 W (s)ds + 03 (h(l) — h(r) - %r/ol so(s)ds + /0 sg(s)ds> ,
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respectively. Then under the alternative

wi (k)

r h(r) 33 H(1) — H(r *Tfo (s)ds + Jo W
<H()+2os)(l ) (4—% h(1) — h(r) — rfosg s)ds + 3 5 sg(s)

)|

l

=3 A= +)]"

[(1 —7r)3 + 7’3] H(r) [(1 —7r)3 + 7’3] h(r)
(1) =7 [L W(s)ds ] . [ h(1) — Lr [} sg(s)ds
2

+f0TW +3 Jo 59(s)ds

r3(1—=r)3|1- 7’) + 73
| | ij

=

Part (c ) holds using the proof of Theorem 6 with H.(r) and

Ho(1) = He(r) =7 fy [Wels) +€We ()| ds + [ [Wels) + =W () ] ds replaced by
1 (r) + 220
and E
Ho(1) — Ho(r) — 7 /0 1 [W (s) + €W, (n)} ds + /0 ' [Wc(s)+eSCWC (k)] d
+% <h(1) —h(r) — 2r /01 so(s)ds + 3 /0 sg(s)ds)

33




respectively. Then under the alternative

W (k)
H(1) = Ho(r) = 7 [y [Wels) + e, ()| ds
(H( )+2h(r))(1_r)3_r3 +f0 |:Wc(5 ) + %W (k )]
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. g 415 s
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(1 —r)3He(r) (1—7)%h(r)
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3| —r f01 [Wc(s ) + =W, (/ﬁ)] ds —r3 —3r fol sg(s)ds
- +f0T [Wc(s) + eSCW (lﬁl)} ds 2 +% for sg(s)ds

O¢

[7’3(1—7’)3 [ (1-r) +7’3} [7’3(1—7’)3 [(1—7’)3+r3:

Lemma 1 When |p| < 1, we have
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1 1 d T r
—g—gtzviﬁTQWT—T/WSdS—/SWSdS
/N — T5/2 — t () 0 () 0 ()

Proof. Note that

k k—1
1 1
T572 ;t%it = T5/2 Zk%n T52 ; (K — %) vy
1 k—1
— T5/2Zk Vit — T—(k; —t) vlt—l—z —t) tvzt>
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For a fixed N as T — oo we have

1 N 1 k 1 r r
N Zl T2 ;ﬁmt < I Z <r2W(r) —r [ W(s)ds— /0 SW(S)dS> .

Hence h 0
| X \ r ” 4 r r
\/_N ; (r W (r) —7’/0 W (s)ds —/0 sW(s)ds) —=rW(r)—r ; W(s)ds 7/0 sW(s)ds
as N —oo. B

I Proof of Theorem 9

Proof. We can now prove Theorem 9 using the lemma. First we note that

@(m) _Eek)) - @(m) _ﬁ) - @(%) _ﬁ)
Define

F(r) =2r*W(r) — 3r /OT W(s)ds —3 /OT sW(s)ds

and define the following weight matrices

1
T3/2 0
wo = .
0 _1_
T5/2

1
T5/2 0
Wox —
0 _1_
T7/2

Remark 4 Note that for a panel polynomial regression of order p, the weight matrices will be as follows

and

1
i 0 0
1 ..
0 T572 . 0
wlp =
1
L 0 0 Ter-1/2 |
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0 0
0 L 0
WQP: T3/
0
| 0 0 Fomys |
and
L0 0
0 —_— 0
Waps = 77
0
0 U e
Then under Hy and |p| < 1 we have
1 (5 >
Ve, (ﬁuk)_ﬁ(%))
_ -1 (7 -1 (7
\/]—Vw2 (g(lk)—ﬁ)—\/ﬁwz (ﬁ(%)—ﬁ>
Sl ton) (- tew)er] [y S Do)
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1=1 t=k+1 Wi:l t=k+1
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%7’4 4%7’5 %O’()F(T)
3 77,3 r -1
B S 100 (G(1) = G(r) + W(r) — V(1))
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e S Lo [F(1) = F(r) + (L 1) W(r) =7 (1+7) W(1)
oy | =124
) C
rd | 0B |
rC

where

A =G(r) [-2r (45r° — 117r* 4+ 10873 — 872 — 20r + 4)]
+F(r) [607’5 —150r* + 13073 — 1072 — 257 + 5] + W(r) [—7"4 (37’2 —4r — 3)]
+G1) [2r* (P 4+ Tr +4)] + F(1) [-5r* (r + 1)] + W(Q) [ (372 — 4r — 3)] ,

B=G(r) [—37" (1275 = 30r* +1 — 5r — 22 + 267"3)]

+F(r) [24r5 — 62rt + 5273

— 4% —10r 4 2]

+W(r) [7’5 (r+ 1)] + G(1) [37’5 (r+ 1)] + F(1) [—27"5] +W(1) [—7"6 (r+ 1)] ,
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and

C =117 = 31r* + 260 — 2% — 51 + 1.
Now,
Nwytwst (Var (b
wy wy (Var (ba))
[T N &k ! !
1 _ _
N Zi:l Zt:l w2 (I - L(lk)) (E - 7_5(1]@)) W2:| O2x2
= ) /
1 N T i i
0252 {N Diml Dotk 1 W2 (E - I(zk)) (1_5 - I(zk)) W?}
[ 13 1,41 " i
2" 127 0
2% 2
L4 4.5
12 15
- - P P
(1—r)* (1=7)°(147)
0 12 12 .
2x2 (1—r)Pa4r)  (A7r+r?)a-r)?®
L 12 15 J
[ 192 180
’I"j ,,,/1 0
_180 180 22
— ’I"'l rd
4+7r+r2 _ 1+7r
02 9 4811'r57317’4+26'r372'r275'r+1 18011'r5731r4+26r3727’275r+1
. _180 Itr 180
| 1175 —=317r142673 —27r2 —5r41 1175 —317r142673 —2r2 —5r41
Then
-1, -1 /
Nwy w3 [R(Var(b,))R' |
192 180
e 0 0
180 180
. 1 0 -1 0 -1 - 0 . 0
01 0 -1 0 0 48(4+7r+1°) —180(1+7)
| 1175 —317r14+2673 —272 —5r+1 117°—317r4 42673 —2r2 —5r4+1
0 0 —180(1+4r) 180
| 1175 —317r4 42673 —27r2 —5r+1 1175 —31r14-26r3—2r2 —5r+1 |
[ 4845r5—117r’1+108r3—8r2—20r+4 —180 12r° —30rt 42612 — 202 —5r41
_ r3(11r242r—1)(r—1)° ri(11r24+2r—1)(r—1)°
~180 12r° —30r*4+261> —2r2 —5r+1 180 12r° —31r*4261° —2r2 —5r41
| 7’/1(117"2—{—27’—1)(7’—1)3 7’5(11r2+27°—1)(7°—1)3
This gives
1 1
1 1 3| —5c  —37rb
w2 [R(Var(b,))R' ]~ — 3 4 4
a | _Lpp —1—157’2d
where

a = 36r" — 1447 4 22875 — 160r* + 3213 + 1612 — 8r + 1,
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b= (127’5 —30r* + 2612 — 2% — 51 + 1) (7’3 —3r? 4+ 3r — 1) ,

c=(12r° = 31r* +26r° — 2r* — 5r + 1) (r® = 3r? +3r — 1),
and
d = (45r° —117r* + 108r® — 8% — 20r +4) (r® —3r* +3r — 1)..

Thus we have

1 1 —12A
a 1 7 -3¢ —grb c
Wiy (k) = 3rda [ 102A 379(? } { _ ] { 30B
rC
(—3A%c+ 15ABb — 5B%d)

= 4
r5a(C?

= Pi(r),

where

(—3A%c+ 15ABb — 5B%d)

Py(r)=4 5002

Next we consider the case when p = 1. Define

J(r) =3 /0 "2 [W(s) + 7 (w)] ds — 2 /0 ' [W(s) + W) ds.
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Then under Hy we have

Ve (B~ Biaw)

~

— VFur (B - 8) - VEr (B - )

-1

~ [F T () (tow)er] |y e ()

=1 t=1

1=1 t=1
TR ) , ) -1 A ) ,
- lﬁ Z Z w2 (i - E(zk)> (E - E(gk)) W2‘| l—N Z Z Wk (i - E(zk)> Uz‘t]
1=1 t=k+1 1=1 t=k+1
1
. %’FS %r‘l %O'gH(’I")
%r‘l 4%7"5 %(TEJ(T)
l()‘ H(l) - H(T)i
27¢ 1 T
(1=r)? (1=r)? (147) -1 rfo W(s)ds +f0 W(s)ds
12 12
- { (1—r)?(14r) (A+7r+r?)(1—r)® } J(1) = J(r)—
2 @ $oc | r(L4r) [y W(s)ds+
(1+m7) fg W(s)ds

—12D

N
rd 30E
rC

where
D = H(r)[-2r (4 —20r +45r° — 1177 + 1087 — 8%)] + J(r) [60r° — 150r* + 130r® — 10r* — 25r + 5] +
H(1) [27* (44 7r + 7)) +J(1) [-5r* (r + 1)] +
(r® (=3 —4r + 3r?)) /01 W(s)ds + (—r* (=3 — 4r + 3r%)) /0 W (s)ds
and
E =

H(r) [=3r (1= 5r +12r° — 30r* 4 26r° — 2r%)] + J(r) [24r° — 620" + 52r® — 4r® — 10r + 2] +

H(1) [37"5 (r+ 1)] + J(1) [*27’5] + (7r6 (r+ 1)) /0 W(s)ds + (7"5 (r+ 1)) /07" W (s)ds.
Then

1 a 1 _ _%10 _%Tb %
FWZP(k) - 37"5a|: 1(,?D % } [ 1 1
A (—3D20 + 15DEb — 5E2d)
r2a(C?

= PQ (?")
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where

(~3D%c + 15DEb — 5E%d)

Py(r) =4 r5a(C?2

Finally we consider the case when p = 1+ £. Define

Jo(r) =3 /0 e (Wels) + e Welk)] ds 2 /0 ' [Wels) + e=WWe()] ds

Then under Hy we have

1 Nk - 1 MK ’
= | ZZWQ (E - Z(lk)> (I - Z(lk)> W2‘| [ W <_ ) ) Uz‘t] -
lNi_1t=1 \/Nz 1t=1
1 N T , -1 1 N /
FL > rfiT) (F)er| T3 2 - o]
i=1 t=k+1 i=1 t=k+t1
—1 r . —1
1—7)°2 1—7)3 (147
4 1_127"3 1_127"4 %UEHC(T) B ( 12) ( )13( : \
—_r)3 r 44+-Tr+r 1—7r
wrt s’ | 30 Je(r) = )12(1+) ( 45)( )

He(1) — He(r)—

0. rfo [ )+ W, (H)] ds+

I |:Wc($) + eSCWc(n)} ds
Je(1) = Je(r)—

30, fo [ (s) + e*W, (K‘,)} ds+

r) Jy [Wels) + eWe(r) | ds

where

F = H(r)[-2r (4—20r +45r° — 117r* + 108r® — 8r%)] + Je(r) [60r° — 150" + 130r® — 10r* — 25r + 5] +
1 —_—
He (1) [2r* (4+ Tr +1%)] + J.(1) [-5r* (r + 1)] + (r® (-3 — 47 + 3r?)) / [Wc(s) + e“Wc(n)} ds +
0

(—r4 (—3 —4r + 37’2)) /OT [WC(S) + eSCI/IA/Z(n)} ds
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and
G = H(r) [737’ (1 — 5r 4 1215 — 30r* + 2602 — 27"2)] + Je(r) [247’5 —62r* +52r% — 492 — 10r + 2] +
1 —_—
Ho(1) [3° (r + 1)] + Jo(1) [2%] + (= (r + 1)) / [WC(S) + e Wa(k)| ds +
0

(r° (r +1)) /0 [Wc(s) + escm“fc(,{)} ds.

Then
1 1 —12F
LWk & — [ —128 30G ] A c
T2 %" 3rfa Ll ©  rC —Lip —Ly2q 300
L(S8F2c+ —15FGb = 5G2d)
o r5aC?
= 4P (r),
where
—3F? —15FGb — 5G3d
P () = 123 ).
r2q(C?
[ |

J Proof of Theorem 10

Proof. Under the local alternative we have

=1 t=1
N k
[Tlﬁ 3 ele-ton) (g0 (5) o (1) + )
o ) lom | | w lop ()
o lom| |- o
[ 192 1%] 100G(r)
w58 ] | 500F()

B 120 8G(r :’:5}7 T N Op (T)
7300_0 3G(r :;QF T O (T)



We also have
~(T)
\/N(AJQ ! </8(2k) - ﬁ)

ll i i wa (t - Z(Qk))l (E - ZQ@) w2

i=1 t=k+1

e 3 o) (o () e (£) 72

-1

4+7r+r _ . 48(4+Tr4r? _ .
. 48( ) 180é1+ ) 0, (T) . ( ’ ) 180é1+ ) 0, (T)
—18001+7" &CO Op (T) —18001+7" &CO Op (T)
%00 (G(1) = G(r) + W(r) —rW(1))

o

ol Q14+r)W(er)—rl+r)W())

48(4+(7jr+r) 71800(1+r) (1) —
8G (1) —8G (r) + 3W (r) — 3rIW (1) + 14rG (1) —
TE| MG () AW () — 4r2W (1) + 202G (1) - 202G (r) —
_ BV (1) 4 39 (1) = 50 (1) 4 5rF () < 5F (1) +5F (1) ) | +
sea [ 3G (1) = 3G (1)1 + W (r)r — W (1) + 3G (1) -
c 3G (r) + W (r) —rW (1) - 2F (1) + 2F (r)

Therefore, under the local alternative
d
Wi, (k) 5 [Py (r) + 0, (T)],

uniformly in r for all N proving (a).

Part (b) holds using the proof of Theorem 9 with

[%%Hm

30:J(r)

and
[ Lo (H) ) =1 Jo W(s)ds + fy W(s)ds) ]
Yoo (T =J0) —r(1+1) [y W ds+( +7) Jy W(s)ds)

replaced by
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and

[ boo (HQ) — H@) —r fy W(s)ds + J; W(s)ds) ]+[€]+[f]
Sou (J) = I0) =7 (1) fy W(s)ds + (1+7) 3 W(s)ds) h

respectively. Then under the local alternative
where
hy (r) N ha () B e N f _%%16 _1_127?1;
_ hs (r) ha (r) g h _irth s
h ) i s (7’) 7 e i f
) ha (r) g h
hy (T) _ for Szg (8 ds — lrfor sg dS
hs (r) Jo 39 (s)ds — 112 [ sg (s)ds ’
ho(r) | _ | Jo s%a(s)ds —5r fy s%g(s)ds
ha(r) Jo stg(s)ds — Lr? [ s2g (s)ds ’

e | _ hy (1) = hy (r) — 37 fol sg(s)ds+ 3% [ sg(s)ds
g ha (1) = ha (1) — § 1 ’

hy (r) = 37 (L4 7) Jo 59 (s) ds+ 3 (L+7) Jg 59 (s) ds

. ho (1) — ho (r) — 31 [} s2g (s) ds + 1 [ s%g (s) ds
h ha (1) = ha(r) — gr(1+7) f01 s2g(s)ds+ % (1+7) [y s%g(s)ds

and

P 1Uch(7")
art (c) holds using the proof of Theorem 9 with . and
30eJe(r)
[ 2 <HC(1) Tfo [ JreSCW( }dSJrfO [ )JrescW( )} ) ] replaced
Yoo (1) = Tt )77" (L+7) fo [Wes) + W) ds + (1+7) f [Wels) + e=We()] ds)
by

[ 10.Hc(r)




and

10, (Hc(l) rfo [ s) + e W, (k ]ds—l—fo [ s) + e We(k )] ds)
1o, (Jc(l)ch(r fo [ s) + e W (k )} ds+(1+7) [y [ (s) + e We(k )] )
el
g h

respectively. Then under the alternative

WD (k) 2 [pc (r) + =R (r)] .

|
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