
Whvwlqj iru Vwuxfwxudo Fkdqjh ri d Wlph Wuhqg Uhjuhvvlrq lq
Sdqho Gdwd

Mdplh Hphuvrq dqg Fklkzd NdrW

V|udfxvh Xqlyhuvlw|

Qryhpehu 5:/ 5333

Devwudfw

Lq wklv sdshu/ zh sursrvh wzr fodvvhv ri whvw vwdwlvwlfv iru ghwhfwlqj d euhdn dw dq xqnqrzq gdwh lq
sdqho gdwd prghov zlwk wlph wuhqg1 Wkh �uvw rqh lv wkh  xfwxdwlrq whvw ri Sorehujhu0Nudphu0Nrqwuxv
+4<;<,1 Wkh vhfrqg rqh lv edvhg rq wkh phdq dqg h{srqhqwldo Zdog vwdwlvwlfv ri Dqguhz dqg Sorehujhu
+4<<7, dqg pd{lpxp Zdog vwdwlvwlf ri Dqguhz +4<<6,1 Zh ghulyh wkh olplwlqj glvwulexwlrqv ri wkh
sursrvhg whvwv dqg wdexodwh wkh fulwlfdo ydoxhv1 Dv|pswrwlf uhvxowv zhuh ghulyhg UEf�/ UE�� dqg qhduo|
UE�� huuru whupv1 Prqwh Fduor vlpxodwlrqv duh shuiruphg wr h{dplqh wkh vl}h dqg srzhu ri wkh sursrvhg
whvwv

4 Lqwurgxfwlrq

Whvwlqj iru vwuxfwxudo fkdqjhv kdv ehhq dq lpsruwdqw uhvhdufk wrslf lq qrqvwdwlrqdu| wlph vhulhv hfrqrphwulfv1

Uhfhqw lvvxhv ri wkh Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv dqg Mrxuqdo ri Hfrqrphwulfv duh ghyrwhg

wr vxfk vwxglhv/ h1j1/ Fkx dqg Zklwh +4<<5,> Kdqvhq +4<<5,> Juhjru| dqg Kdqvhq +4<<9,> Fdpsrv/ Hulfvvrq

dqg Khqgu| +4<<9,1 Ndr dqg Urvv +4<<8, h{whqghg wkh g|qdplf fxpxodwlyh vxp +FXVXP, whvw ri Nudphu/

Sorehujhu dqg Dow +4<;;, wr wkh prgho zkhuh vhuldo fruuhodwlrq lv suhvhqw1 Qrqh ri wkhvh sdshuv kdv orrnhg

dw wkh whvwv lq wkh frqwh{w ri wkh sdqho gdwd h{fhsw Kdq dqg Sdun +4<;<, dqg Kdqvhq +4<<<,1 Kdq dqg Sdun

+4<;<, sursrvhg d FXVXP dqg d FXVXP ri vtxduhv whvwv iru sdqho gdwd prghov1 Kdqvhq +4<<<, ghyhorshg

phwkrgv iru whvwlqj wkh wkuhvkrog h�hfwv lq sdqho gdwd1 Lq d uhfhqw sdshu/ wkrxjk qrw d sdqho frqwh{w/ Edl/

Oxpvgdlqh dqg Vwrfn +4<<;, ghyhorshg phwkrgv iru whvwlqj dqg frqvwuxfwlqj dv|pswrwlfdoo| ydolg frq�ghqfh

lqwhuydov iru wkh gdwh ri d vlqjoh euhdn lq pxowlyduldwh wlph vhulhv/ lqfoxglqj L+3,/ L+4, dqg ghwhuplqlvwlfdoo|

wuhqglqj uhjuhvvruv1 Wkh| vkrzhg wkhuh duh vxevwdqwldo jdlqv e| xvlqj pxowlyduldwh wlph vhulhv zklfk kdyh d

frpprq euhdn gdwh1
WDq hohfwurqlf yhuvlrq ri wkh sdshu lq srvwvfulsw irupdw fdq eh uhwulhyhg iurp kwws=22zhe1v|u1hgx2�fgndr1 Jdxvv surjudpv

zklfk uhsolfdwh wkh Prqwh Fduor vwxglhv duh dovr dydlodeoh wklv zhevlwh1 Dgguhvv fruuhvsrqghqfh wr= Fklkzd Ndr/ Fhqwhu iru
Srolf| Uhvhdufk/ 759 Hjjhuv Kdoo/ V|udfxvh Xqlyhuvlw|/ V|udfxvh/ Q\ 4657704353> h0pdlo= fgndrCpd{zhoo1v|u1hgx1

4



Wklv sdshu/ dorqj zlwk Ndr dqg Fkldqj +5333,/ lv d �uvw vwhs lq xqghuvwdqglqj krz wr whvw iru vwuxfwxudo

fkdqjhv zkhq qrqvwdwlrqdu| sdqho gdwd lv ehlqj xvhg1 Lq wklv sdshu/ zh sursrvh wzr fodvvhv ri whvw vwdwlvwlfv

iru ghwhfwlqj d euhdn dw dq xqnqrzq gdwh lq sdqho gdwd prghov zlwk wlph wuhqg1 Wkh �uvw rqh lv wkh

 xfwxdwlrq whvw ri Sorehujhu0Nudphu0Nrqwuxv +4<;<,1 Wkh vhfrqg rqh lv edvhg rq wkh phdq dqg h{srqhqwldo

Zdog vwdwlvwlfv ri Dqguhz dqg Sorehujhu +4<<7, dqg pd{lpxp Zdog vwdwlvwlf ri Dqguhz +4<<6,1 Zh ghulyh

wkh olplwlqj glvwulexwlrqv ri wkh sursrvhg whvwv dqg wdexodwh wkh fulwlfdo ydoxhv1 Dv|pswrwlf uhvxowv zhuh

ghulyhg iru L+3,/ L+4, dqg qhduo| L+4, huuru whupv1 Zh dovr vkrz wkdw wkhvh whvwv kdyh qrq0wulyldo orfdo

srzhu1

Wklv sdshu frqwulexwhv wr wkh olwhudwxuh ri whvwlqj iru vwuxfwxudo fkdqjhv lq wzr zd|v1 Iluvw/ zh h{whqg

wkh  xfwxdwlrqv whvwv ri Fkx dqg Zklwh +4<<5, dqg Zdog whvwv ri Yrjhovdqj +4<<:, wr sdqho prghov1 Vhfrqg/

lw surylghv d vhulrxv vwxg| ri wkh �qlwh vdpsoh surshuwlhv ri wkh sursrvhg whvwv1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh prgho dqg whvw vwdwlvwlfv1 Wkh

olplwlqj glvwulexwlrqv ri wkh sursrvhg whvw vwdwlvwlfv zlwk dq L+3, huuru whup xqghu wkh qxoo k|srwkhvlv duh

hvwdeolvkhg1 Vhfwlrq 6 jlyhv wkh olplwlqj glvwulexwlrqv ri wkh whvw vwdwlvwlfv xqghu wkh qxoo k|srwkhvlv zlwk

dq L+4, huuru whup1 Lq Vhfwlrq 7/ zh glvfxvv wkh olplwlqj glvwulexwlrqv ri wkh whvw vwdwlvwlfv xqghu wkh qxoo

k|srwkhvlv zkhq wkh huuru lv qhduo| L+4,1 Vhfwlrq 8 hvwdeolvkhv wkh olplwlqj glvwulexwlrqv ri whvw vwdwlvwlfv

xqghu orfdo dowhuqdwlyhv1 Lq vhfwlrq 9 zh ghulyh wkh olplwlqj glvwulexwlrqv ri wkh whvw vwdwlvwlfv xqghu erwk

wkh qxoo k|srwkhvlv dqg wkh orfdo dowhuqdwlyhv iru d sro|qrpldo wuhqg prgho1 Vhfwlrq : suhvhqwv Prqwh Fduor

uhvxowv wr hydoxdwh wkh �qlwh vdpsoh surshuwlhv ri wkh sursrvhg whvw vwdwlvwlfv1 Lq Vhfwlrq ; zh vxppdul}h

wkh �qglqjv1 Doo surriv duh lq wkh Dsshqgl{1

D zrug rq qrwdwlrq1 Zh xvh g$ wr ghqrwh frqyhujhqfh lq glvwulexwlrq/
s$ wr ghqrwh frqyhujhqfh lq

suredelolw|/ ^{` wr ghqrwh wkh odujhvw lqwhjhu � {/ dqg L+3, dqg L+4, wr vljqli| d wlph vhulhv wkdw lv lqwhjudwhg

ri rughu }hur dqg rqh/ uhvshfwlyho|1

5 Wkh Prgho dqg wkh Whvwv

Frqvlghu wkh iroorzlqj vlpsoh olqhdu wuhqg zlwk rqh0zd| huuru frpsrqhqw prgho

|lw @ �. �ww. xlw> +4,

xlw @ �l . ylw>
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l @ 4> ===> Q> w @ 4> ===W> zkhuh i|lwj duh 4� 4> � lv wkh vorsh sdudphwhuv/ i�lj duh wkh xqrevhuydeoh lqglylgxdo
h�hfwv zlwk �l � llg

�
3> �5�

�
/ dqg iylwj duh DU+4, vwdwlrqdu| glvwxuedqfh whupv zlwk

ylw @ �ylw�4 . %lw> m�m ? 4> +5,

zkhuh %lw � llg
�
3> �5%

�
1 Wkh �l duh dvvxphg wr eh lqghshqghqw ri ylw dqg ylw �

�
3> �5y

�
> w @ 5> ===> W> zkhuh

�5y @ �5%
4��5 = Zh dvvxph yl4 @

S^�W `
m@3 �m%l4�m/ zkhuh � lv d sdudphwhu wkdw jryhuqv wkh yduldqfh ri wkh lqlwldo

frqglwlrq1 Zkhq � @ 3> yl4 lv Rs+4,= Zkhq � A 3> yl4 lv Rs+4, zkhq ylw lv L+3, exw lv Rs+W
4@5, zkhq ylw lv

L+4,1

Wkh sureohp ri lqwhuhvw lv wr whvw wkh fkdqjhv lq wkh sdudphwhu � zkhuh wkh fkdqjh srlqwv duh xqnqrzq1

Iru whvwlqj wkh qxoo k|srwkhvlv

K3 = �w @ � iru doo w1 +6,

Wkh hvwlpdwru wr eh frqvlghuhg lv wkh uhfxuvlyh ROV

e�n @

SQ
l@4

kSn
w@4+w� wn,|lw

l
SQ

l@4

Sn
w@4+w� wn,5

> +7,

zkhuh

wn @
4

n

n[
w@4

w=

Iroorzlqj Sorehujhu hw do1 +4<;<, dqg Fkx dqg Zklwh +4<<5,/ wkh qxoo k|srwkhvlv lv uhmhfwhg li e�n  xfwxdwh

wrr pxfk/ l1h1/ wkh qxoo k|srwkhvlv lv uhmhfwhg li

pd{
l@4>===>n

���e�n � e�W ���
lv wrr odujh1 Gh�qh wkh whvw vwdwlvwlf wr eh

W4 @ vxs
5�n�W�4

�����sQW 6
4

9�3

�
n

W

�6 �e�n � e�W�
����� > +8,

zkhuh

�53 @
�5%

+4� �,5
= +9,

Doo olplwv lq Wkhruhpv 406> 8> :0;> 43/ dqg Ohppd 4 duh wdnhq dv W $ 4 iru d �{hg Q h{fhsw Wkhruhpv

7> 9> < zklfk duh wdnhq dv W $ 4 iroorzhg e| Q $ 4 vhtxhqwldoo|1 Dovr doo wkh frqyhujhqfhv lq doo wkh

wkhruhpv duh xqlirup frqyhujhqfh lq u1 Zh wkhq suryh wkh iroorzlqj wkhruhp=
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Wkhruhp 4 Xqghu K3=

s
QW 6

4

9�3

�
n

W

�6 �e�n � e�W� g$ J3+u,>

zkhuh

J3+u, @ J+u,� u6J+4,=

dqg

J+u, @ uZ +u,� 5

] u

3

Z +v,gv=

Wkhruhp 4 surylghv wkh olplwlqj glvwulexwlrq ri wkh whvw vwdwlvwlf lq +8,1 Vlqfh

S +W4 A f, $ S

�
vxs

u��u�4�u�
mJ3+u,m A f

�
@ S

�
vxs

v��v�4�v�
mZ3+v,m A

s
6f

�
+:,

xqghu K3/ zkhuh Z3+v, lv d vwdqgdug Eurzqldq eulgjh1 Qrwh S

�
vxs

v��v�4�v�
mZ3+v,m A

s
6f

�
lv zhoo nqrzq

+h1j1/ Fkx dqg Zklwh/ 4<<5,1 Vrph xvhixo fulwlfdo ydoxhv iru duh =:3; +43(,/ 1:;7 +8(,/ dqg =<73 +4(,1

Frqvlghu wkh dowhuqdwlyh k|srwkhvlv wkdw wkhuh lv rqo| rqh fkdqjh srlqw n/ l1h1/

K4 = �w @

;?= �4 iru w @ 4> ===> n

�5 iru w @ n . 4> ===> W
+;,

Ohw Z +n, eh wkh Zdog vwdwlvwlf iru whvwlqj �4 @ �5 =

Z+n, @
4

�5y

�e�4n � e�5n�3
57# Q[

l@4

n[
w@4

+w� w4n,
5

$�4
.

#
Q[
l@4

W[
w@n.4

+w� w5n,
5

$�468�4 �e�4n � e�5n�

@
4

�5y

�e�4n � e�5n�5

��SQ
l@4

Sn
w@4+w� w4n,5

��4
.
�SQ

l@4

SW
w@n.4+w� w5n,5

��4� > +<,

zkhuh

e�4n @

SQ
l@4

kSn
w@4+w� w4n,|lw

l
SQ

l@4

Sn
w@4+w� w4n,5

>

e�5n @

SQ
l@4

kSW
w@n.4+w� w5n,|lw

l
SQ

l@4

SW
w@n.4+w� w5n,5

>
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w4n @
4

n

n[
w@4

w>

dqg

w5n @
4

W � n

W[
w@n.4

w=

Gh�qh wkh iroorzlqj vwdwlvwlf=

Z4+n, @
�5y
6�53

Z+n,=

Wkhq zh kdyh wkh iroorzlqj wkhruhp=

Wkhruhp 5 Xqghu K3 =

Z4+n,
g$ T4 +u,

zkhuh

T4+u, @

;A?A=J+u,+4� u,6 � u6 ^J+4,�J+u, .Z +u,� uZ +4,`k
u6+4� u,6

k
+4� u,6 . u6

ll 4
5

<A@A>
5

=

Iroorzlqj Yrjhovdqj +4<<:,/ zh frqvlghu wkuhh vwdwlvwlfv= vxsZ4+n,> PhdqZ4+n,> dqg H{sZ4+n,> zkhuh

vxsZ4+n, @ vxs
^Wu�`�n�W�^Wu�`

Z4+n,>

PhdqZ4+n, @
4

W

W�^Wu�`[
n@^Wu�`

Z4+n,>

H{sZ4+n, @ orj

3C 4

W

W�^Wu�`[
n@^Wu�`

h{s

�
4

5
Z4+n,

�4D >

dqg u� lv wkh iudfwlrq ri wulpplqj/ xvxdoo| wdnhq wr eh hlwkhu 3=48 ru 3=341 Xvlqj wkh frqwlqxrxv pdsslqj

wkhruhp zh wkhq kdyh wkh iroorzlqj fruroodu|=

Fruroodu| 4 Xqghu K3 =

41 vxsZ4+n,
g$ vxs

u��u�4�u�
T4+u,>

8



51 PhdqZ4+n,
g$ U 4�u�

u� T4+u,gu>

61 H{sZ4+n,
g$ orj

�U 4�u�
u� h{s

�
4
5T4+u,

�
gu
�
=

Uhpdun 4 41 Lq sudfwlfh/ zh qhhg wr uhsodfh �5% e| d frqvlvwhqw hvwlpdwru/ e�5% +h1j1/ Edowdjl/ 4<<4 ,1 Wkh

olplwlqj glvwulexwlrqv ri W4 dqg Z4+n, zloo eh xqfkdqjhg li zh uhsodfh �5% e| e�5%=
51 Wkh uhvxowv lq wklv vhfwlrq zloo qrw fkdqjh li zh uhsodfh wkh DU+4, dvvxpswlrq lq +5, e| d pruh jhqhudo

surfhvv/ h1j1/

ylw @ #+O,%lw @
4[
m@3

#m%lw�m >

zkhuh
S4

m@3 m
��#m�� ? 4 dqg %lw � llg

�
3> �5%

�
= Wkhq �53 @ �5%#

5+4,= Qrwh #+4, @ 4
4�� li ylw lv dvvxphg

wr eh dq DU+4, lq +5,1

61 Dovr wkh uhvxowv ri wklv vhfwlrq zloo qrw fkdqjh li zh uhsodfh llg e| pduwlqjdoh gl�huhqfh vhtxhqfh +PGV,

iru %lw=

71 Wkh krprjhqhlw| dvvxpswlrq pdgh iru �5% dqg � dfurvv l fdq eh uhod{hg e| doorzlqj �5%l dqg �l wr

gl�huhg iru gl�huhqw l1 Wkh olplwlqj glvwulexwlrqv ri W4 dqg Z4+n, zloo eh xqfkdqjhg li zh gh�qh �53

dqg �5y dv iroorzv

�53 @ olp
Q$4

4

Q

Q[
l@4

�5%l
+4� �l,

5

dqg

�5y @ olp
Q$4

4

Q

Q[
l@4

�5%l
4� �5l

=

6 Wkh Olplwlqj Glvwulexwlrq ri wkh Whvw Vwdwlvwlfv zkhq 4 ' �

Prgho +5, lv uhvwulfwlyh ehfdxvh lw h{foxghv ylw wr eh L+4,1 Zh lqyhvwljdwhg wkh dv|pswrwlf surshuwlhv ri wkh

wzr whvw vwdwlvwlfv/ W4 dqg Z4+n,> lq Vhfwlrq 51 Lq wklv vhfwlrq ylw lv L+4,1 Zh zloo vkrz wkdw wkh suhylrxv

frqfoxvlrqv lq Vhfwlrq 5 duh vxevwdqwldoo| dowhuhg zkhq ylw lv L+4,= Gh�qh

W5 @ vxs
5�n�W�4

�����sQW
4

9�%

�
n

W

�6 �e�n � e�W�
����� = +43,

9



Wkhruhp 6 Xqghu K3 dqg ylw @ ylw�4 . %lw wkhq

s
QW

4

9�%

�
n

W

�6 �e�n � e�W� g$ K3+u,>

zkhuh

K3+u, @ K+u,� u6K+4,>

K+u, @ 5

] u

3

v
k
Z +v, . iZ +�,

l
gv� u

] u

3

k
Z +v, . iZ +�,

l
gv>

dqg

K+4, @ 5

] 4

3

v
k
Z +v, . iZ +�,

l
gv�

] 4

3

k
Z +v, . iZ +�,

l
gv=

Iurp Wkhruhp 5 zh nqrz wkdw wkh olplwlqj glvwulexwlrq ri W5 gl�huv iurp W4=

Qh{w/ gh�qh

Z5+n, @
4

W 5

�5y
6�5%

Z+n,=

Wkhruhp 7 Xqghu K3 dqg ylw @ ylw�4 . %lw wkhq

Z5+n,
g$ T5+u,

zkhuh

T5+u, @

;A?A=
K+u, +4� u,6 �

k
K+4,�K+u,� u

U 4

3
Z +v,gv.

U u
3
Z +v,gv

l
u6k

u6 +4� u,6
k
+4� u,6 . u6

ll4@5
<A@A>

5

Xvlqj wkh frqwlqxrxv pdsslqj wkhruhp zh wkhq kdyh iroorzlqj fruroodu|=

Fruroodu| 5 Xqghu K3 =

41 vxsZ5+n,
g$ vxs

u��u�4�u�
T5+u,>

51 PhdqZ5+n,
g$ U 4�u�

u� T5+u,gu>

61 H{sZ5+n,
g$ orj

�U 4�u�
u� h{s

�
4
5T5+u,

�
gu
�
=

Uhpdun 5 Lq sudfwlfh/ zh qhhg wr uhsodfh �5% dqg � zlwk frqvlvwhqw hvwlpdwruv/ e�5% dqg e�= Wkh olplwlqj

glvwulexwlrqv ri W5 dqg Z5+n, zloo eh xqfkdqjhg li zh uhsodfh �5% dqg � e| e�5% dqg e�= e�5% fdq eh iruphg e|

e�5% @ 4

Q +W � 4,

Q[
l@4

W[
w@5

+xlw � xlw�4,
5 =

Prrq dqg Skloolsv +4<<<, sursrvhg d frqvlvwhqw hvwlpdwru iru �=

:



7 Qhduo| L+4, Huuruv

Lq uhfhqw |hduv/ wkhuh kdv ehhq frqvlghudeoh lqwhuhvw lq wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwlrq dqg

lqihuhqfh ri � lq +4, zkhq � lv forvh wr rqh lq wkh wlph0vhulhv +l1h1/ zkhq Q @ 4, hfrqrphwulfv olwhudwxuh1 Lq

wklv vhfwlrq zh dvvxph � @ 4 . f@W lq +5,/ l1h1/ wkh ylw iroorzv d orfdo0wr0xqlw ru d qhduo| L+4, surfhvv1 Wkh

dv|pswrwlfv iru wkh whvw vwdwlvwlf W4 duh jlyhq lq wkh iroorzlqj wkhruhp=

Wkhruhp 8 Xqghu K3 dqg ylw @ �ylw�4 . %lw> � @ 4 . f@W> wkhq

s
QW

4

9�%

�
n

W

�6 �e�n � e�W� g$ Kf+u,� u6Kf+4,>

zkhuh

Kf+u, @ 5

] u

3

v
k
Zf+v, . hvf �Zf+�,

l
gv� u

] u

3

k
Zf+v, . hvf �Zf+�,

l
gv

dqg

Kf+4, @ 5

] 4

3

v
k
Zf+v, . hvf �Zf+�,

l
gv�

] 4

3

k
Zf+v, . hvf �Zf+�,

l
gv=

Qh{w zh suhvhqw wkh olplwlqj glvwulexwlrq ri wkh Zdog Vwdwlvwlf zkhq � @ 4.f@W= Gh�qh wkh whvw vwdwlvwlf

Zf+n, @
4

W 5

�5y
6�5%

Z+n,=

Wkhruhp 9 Xqghu K3 dqg ylw @ �ylw�4 . %lw> � @ 4 . f@W> wkhq

4

W 5
Zf+n,

g$ Tf+u,>

zkhuh

Tf+u,

@

;A?A=
Kf+u, +4� u,6 �

k
Kf+4,�Kf+u,� u

U 4

3

k
Zf+v, . hvf �Zf+�,

l
gv.

U u
3

k
Zf+v, . hvf �Zf+�,

l
gv
l
u6k

u6 +4� u,6
k
+4� u,6 . u6

ll4@5
<A@A>

5

=

Uhpdun 6 Qrwh

olp
f$3

�
Kf+u,� u6Kf+4,

�
@ K+u,� u6K+4,

dqg

olp
f$3

Tf+u, @ T5+u,=

;



8 Orfdo Dv|pswrwlf Srzhu
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: Ilqlwh Vdpsoh Vlpxodwlrqv

Iluvw/ wkh fulwlfdo ydoxhv iru hdfk ri wkh sursrvhg whvw vwdwlvwlfv duh vlpxodwhg1 Wklv zdv dffrpsolvkhg e|

vlpxodwlqj vlpsoh Eurzqldq Prwlrq dqg wkhq xvlqj wklv wr vlpxodwh wkh olplwlqj glvwulexwlrqv iru hdfk ri wkh

sursrvhg whvw vwdwlvwlfv1 Hdfk vlpxodwlrq lqyroyhv 43> 333 uhsolfdwlrqv1 Wkh dv|pswrwlf fulwlfdo ydoxhv ri

wkh whvwv duh jlyhq lq Wdeoh 41

Vlpxodwlrqv duh dovr grqh wr h{dplqh wkh hpslulfdo vl}h dqg srzhu ri wkh sursrvhg whvw vwdwlvwlfv1 Iru

wkh vl}h vlpxodwlrqv/ wkh prgho lv vhw dv iroorzv=
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wdnh wkh ydoxh 3= Wkh iroorzlqj vdpsoh vl}h frpelqdwlrqv duh xvhg iru

W4 dqg W5= Q @ 4> 43> 58> 83 dqg W @ 43> 58> 83> 433= Iru whvwv lqyroylqj Z4 dqg Z5/ wkh vpdoohvw ydoxh

ri W xvhg lv 471 Wklv lv vr wkdw 48( wulpplqj fdq eh xvhg phdqlqjixoo|1 Hdfk h{shulphqw lqyroyhv

8> 333 uhsolfdwlrqv1 Iru hdfk uhsolfdwlrq zh hvwlpdwhg wkh prgho xvlqj wkh uhfxuvlyh ohdvw vtxduhv hvwlpdwru1

Wulpplqj ri 48( zdv xvhg iru wkh whvwv lqyroylqj Z4 dqg Z51 Wkh vlpxodwlrqv zhuh shuiruphg e| dq Xowud

Hqwhusulvh 63331 JDXVV 6=5=64 zdv xvhg wr shuirup wkh vlpxodwlrqv1 Udqgrp qxpehuv iru �l dqg %lw zhuh

jhqhudwhg e| wkh JDXVV surfhgxuh UQGQV1 Dw hdfk uhsolfdwlrq/ zh jhqhudwhg dq Q+W . 4333, ohqjwk ri
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udqgrp qxpehuv dqg wkhq vsolw lw lqwr Q vhulhv vr wkdw hdfk vhulhv kdg wkh vdph phdq dqg yduldqfh1 Wkh

�uvw 4> 333 revhuydwlrqv zhuh glvfdughg iru hdfk vhulhv1

Wdeohv 508 jlyh wkh hpslulfdo vl}hv ri wkh whvwv iru ydulrxv ydoxhv ri �/ Q> dqg W e| fkrrvlqj � @ � @ 3=

Iluvw zh frqvlghu W4> wkh  xfwxdwlrqv0w|sh whvw iru wkh fdvh zkhq wkh glvwxuedqfhv duh vwdwlrqdu|1 Wdeoh 5

vkrzv wkdw wkh hpslulfdo vl}h ri W4 lv pxfk vpdoohu wkdq wkh qrplqdo vl}h ri �yh shufhqw zkhq W @ 43/ hyhq

zkhq Q @ 83= Lw fdq dovr eh vhhq wkdw wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � A 3=51 Zkhq wkh ydoxh

ri W lqfuhdvhv/ wkh hpslulfdo vl}h lqfuhdvhv exw lv vwloo vpdoohu wkdq wkh qrplqdo vl}h ri �yh shufhqw exw wkh

whvw kdv ehwwhu vl}h surshuwlhv iru wkh fdvhv zlwk � A 3=51 Zkhq W @ 58 zh vhh wkdw wkh hpslulfdo vl}h lv

hvvhqwldoo| }hur iru � A 3=71 Zkhq W @ 83 zh vhh wkdw wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � A 3=91

Zkhq W @ 433 zh vhh wkdw wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � A 3=;1 Iurp Wdeohv 508/ zh vhh wkdw

wkh whvw vwdwlvwlf W4 kdv hpslulfdo vl}h wkdw lv pxfk vpdoohu wkdq wkh qrplqdo vl}h ri �yh shufhqw lq vpdoo

vdpsohv1 Krzhyhu/ lw lv lpsruwdqw wr qrwh wkdw wkh hpslulfdo vl}h grhv lqghhg htxdo wkh qrplqdo vl}h zkhq

wkh wkh ydoxh ri W lv yhu| odujh1

Zh qh{w frqvlghu W5> wkh  xfwxdwlrqv0w|sh whvw iru wkh fdvh zkhq wkh glvwxuedqfhv duh qrqvwdwlrqdu|/ l1h1/

zkhq � @ 41 Wdeoh 5 vkrzv wkdw wkh hpslulfdo vl}h ri W5 lv voljkwo| juhdwhu wkdq wkh qrplqdo vl}h ri �yh

shufhqw zkhq W @ 43 dqg � � 3=;= Krzhyhu/ wkh hpslulfdo vl}h lv ohvv wkdq wkh qrplqdo vl}h iru � � 3=9=

Zkhq wkh ydoxh ri W lqfuhdvhv/ wkh hpslulfdo vl}h jhwv forvhu wr wkh qrplqdo vl}h ri �yh shufhqw/ exw rqo|

iru ydoxhv ri � yhu| forvh wr 41 Zkhq W @ 58 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � ? 3=;1 Zkhq

W @ 83 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � ? 3=<1 Zkhq W @ 433 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur

iru � ? 3=<81 Krzhyhu/ li wkh � @ 4/ wkhq W5 shuirupv txlwh zhoo/ lq whupv ri hpslulfdo vl}h/ hyhq lq vpdoo

vdpsohv1 Lw lv dovr wuxh wkdw li W @ 43> W5 rxwshuirupv W4/ lq whupv ri hpslulfdo vl}h/ iru doo ydoxhv ri � 9@ 3=

Qh{w zh frqvlghu wkh Zdog0w|sh whvwv iru wkh fdvh ri vwdwlrqdu| glvwxuedqfhv/ l1h1/ � ? 41 Zh frqvlghu

wkuhh vwdwlvwlfv/ vxsZ4> PhdqZ4> dqg H{sZ4= Wkh hpslulfdo vl}h ri vxsZ4 lv pxfk vpdoohu wkdq wkh

qrplqdo vl}h lq vpdoo vdpsohv1 Zkhq W @ 47 wkh hpslulfdo vl}h ri vxsZ4 lv hvvhqwldoo| }hur iru � A 3=5=

Zkhq W @ 58 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � A 3=71 Zkhq W @ 83 wkh hpslulfdo vl}h lv hvvhqwldoo|

}hur iru � A 3=91 Zkhq W @ 433 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � A 3=;1 Wkh hpslulfdo vl}h ri

PhdqZ4 lv voljkwo| odujhu wkdq wkh qrplqdo vl}h lq vpdoo vdpsohv zkhq � @ 31 Zkhq W @ 47 wkh hpslulfdo

vl}h ri PhdqZ4 lv hvvhqwldoo| }hur iru � A 3=7= Zkhq W @ 58 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru

� A 3=91 Zkhq W @ 83 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � A 3=;1 Zkhq W @ 433 wkh hpslulfdo vl}h lv

hvvhqwldoo| }hur iru � A 3=<1 Wkh whvw vwdwlvwlf H{sZ4 kdv hpslulfdo vl}h dssur{lpdwho| wzlfh wkh qrplqdo

vl}h iru � @ 3 dqg W � 58= Dfwxdoo|/ wkh hpslulfdo vl}h ri H{sZ4 lv odujhu wkdq wkh qrplqdo vl}h iru � @ 3/

lq doo ri wkh vlpxodwlrqv1 Krzhyhu/ wkh hpslulfdo vl}h lv yhu| forvh wr wkh qrplqdo vl}h ri �yh shufhqw iru
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� @ 3=5> lq doo ri wkh vlpxodwlrqv1 Zkhq W @ 47 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � A 3=7= Zkhq

W @ 58 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � A 3=91 Zkhq W @ 83 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur

iru � A 3=;1 Zkhq W @ 433 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � A 3=<1 Wkh vwdwlvwlfv PhdqZ4 dqg

H{sZ4 kdyh yhu| vlplodu hpslulfdo vl}hv zkhq W � 83=

Zh �qdoo| frqvlghu wkh Zdog0w|sh whvwv iru wkh fdvh ri qrqvwdwlrqdu| glvwxuedqfhv/ l1h1/ � @ 41 Zh

frqvlghu wkuhh vwdwlvwlfv/ vxsZ5> PhdqZ5> dqg H{sZ5= Wkh whvw vwdwlvwlfv vxsZ5 dqg PhdqZ5 kdyh yhu|

vlplodu vl}h surshuwlhv lq wkh �qlwh vdpsoh vlpxodwlrqv1 Zkhq W @ 47 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur

iru � ? 3=7= Zkhq W @ 58 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � ? 3=;1 Zkhq W @ 83 wkh hpslulfdo vl}h

lv hvvhqwldoo| }hur iru � ? 3=<1 Zkhq W @ 433 wkh hpslulfdo vl}h lv hvvhqwldoo| }hur iru � ? 3=<81 Li � @ 4>

vxsZ5 dqg PhdqZ5 kdyh hpslulfdo vl}h dssur{lpdwho| htxdo wr wkh qrplqdo vl}h ri �yh shufhqw/ qr pdwwhu

zkdw wkh vdpsoh vl}h1 Wkh whvw vwdwlvwlf H{sZ5 kdv hpslulfdo vl}h htxdo wr 433( lq doo ri wkh vlpxodwlrqv1

Wkh whvw vwdwlvwlfv PhdqZ4 dqg H{sZ4 dsshdu wr eh vxshulru wr W4 dqg vxsZ4 lq vpdoo vdpsohv/ lq

whupv ri hpslulfdo vl}h1 Ixuwkhu/ li W � 58> wkh whvw vwdwlvwlf PhdqZ4 dsshduv wr eh vxshulru wr H{sZ41

Lw lv dovr lpsruwdqw wr qrwh wkdw wkh hpslulfdo vl}h ri wkh whvw vwdwlvwlfv W4> vxsZ4> PhdqZ4> dqg H{sZ4

lv dssur{lpdwho| htxdo wr wkh qrplqdo vl}h zkhq wkh vdpsoh vl}h lv yhu| odujh dqg � @ 3= Wkh whvw vwdwlvwlfv

W5> vxsZ5> PhdqZ5 duh vxshulru wr H{sZ5 lq vpdoo vdpsohv/ lq whupv ri hpslulfdo vl}h1 Ixuwkhu/ wkh whvw

vwdwlvwlf W5 dsshduv wr kdyh ehwwhu hpslulfdo vl}h surshuwlhv iru vpdoo ydoxhv ri � zkhq W ? 581 Lw lv dovr

lpsruwdqw wr qrwh wkdw wkh hpslulfdo vl}h ri wkh whvw vwdwlvwlfv W5> vxsZ5> dqg PhdqZ5> dqg H{sZ4 lv

dssur{lpdwho| htxdo wr wkh qrplqdo vl}h zkhq wkh vdpsoh vl}h lv yhu| odujh dqg zkhq � @ 4 iru W5> vxsZ5>

PhdqZ5> dqg H{sZ5=

Wr vlpxodwh wkh hpslulfdo srzhu ri wkh sursrvhg whvwv/ zh jhqhudwh gdwd iurp d slhfhzlvh wuhqg vwdwlrqdu|

ixqfwlrq1 Wkh gdwd jhqhudwlqj surfhvv lv

|lw @

;?= 8 . 5w. �l . xlw iru w @ 4> ===> ^�W `

�. +5 . 3=5, w. �l . xlw iru w @ ^�W ` . 4> ===> W

zkhuh � ghqrwhv wkh sursruwlrq ri wkh vdpsoh dw zklfk d vwuxfwxudo euhdn rffxuv1 Zh frqvlghu wkh fkdqjh

srlqwv � @ 3=4> 3=5> � � � > 3=<=
Wdeohv 9d09g jlyh wkh vl}h0fruuhfwhg srzhu iru wkh whvw vwdwlvwlf W4= Vhyhudo revhuydwlrqv duh zruwk

phqwlrqlqj1 Wkh vl}h0fruuhfwhg srzhu ri W4 lqfuhdvhv dv � lqfuhdvhv ru dv W lqfuhdvhv1 Dovr/ iru jlyhq

ydoxhv ri � dqg W> wkh vl}h0fruuhfwhg srzhu ri W4 lqfuhdvhv dv Q lqfuhdvhv1 Lq idfw/ wkh vl}h0fruuhfwhg srzhu

lv juhdwo| lqfuhdvhg iru jlyhq ydoxhv ri �> �> dqg W hyhq iru wkh vpdoo lqfuhdvh lq Q iurp 4 wr 431 Zkhq

W @ 43 wkh vl}h0fruuhfwhg srzhu ri W4 lv txlwh vpdoo exw ehjlqv wr lqfuhdvh iru � A 3=9= Lw lv dssduhqw/ hyhq
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dw wklv vpdoo ydoxh ri W> wkdw wkh vl}h0fruuhfwhg srzhu ri W4 lqfuhdvhv dv Q lqfuhdvhv1 Zkhq W @ 433 dqg

Q @ 83 wkh vl}h0fruuhfwhg srzhu ri W4 lv hvvhqwldoo| 433( zkhq � A 3=4 iru � @ 3 ru 3151 Zkhq W @ 433

dqg Q @ 83 wkh vl}h0fruuhfwhg srzhu ri W4 lv hvvhqwldoo| 433( zkhq � A 3=7 iru doo ydoxhv ri � 9@ 4=

Wdeohv :d0:g jlyh wkh vl}h0fruuhfwhg srzhu iru wkh whvw vwdwlvwlf W5= Djdlq/ vhyhudo revhuydwlrqv duh zruwk

phqwlrqlqj1 Wkh vl}h0fruuhfwhg srzhu ri W5 lqfuhdvhv dv � lqfuhdvhv ru dv W lqfuhdvhv1 Dovr/ iru jlyhq ydoxhv

ri � dqg W> wkh vl}h0fruuhfwhg srzhu ri W5 lqfuhdvhv dv Q lqfuhdvhv1 Lqghhg/ wkh vl}h0fruuhfwhg srzhu lv

juhdwo| lqfuhdvhg iru jlyhq ydoxhv ri �> �> dqg W hyhq iru wkh vpdoo lqfuhdvh lq Q iurp 4 wr 431 Zkhq W @ 43
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Wdeohv 43d043g jlyh wkh vl}h0fruuhfwhg srzhu iru wkh whvw vwdwlvwlf H{sZ4= Zkhq W @ 433 dqg Q @ 83 wkh
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wkh vl}h0fruuhfwhg srzhu iru wkh whvw vwdwlvwlf H{sZ5= Zkhq W @ 433 dqg Q @ 83 wkh vl}h0fruuhfwhg srzhu

ri H{sZ5 lv hvvhqwldoo| 433( zkhq � A 3=5 iru � @ 3> 315/ 317/ 319 ru 31;1 Zkhq W @ 433 dqg Q @ 83 wkh

vl}h0fruuhfwhg srzhu ri H{sZ5 lv hvvhqwldoo| 433( zkhq � A 3=8 iru doo ydoxhv ri �=
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Wklv sdshu sursrvhv d fodvv ri whvwv iru whvwlqj wkh vwuxfwxudo fkdqjh ri d wlph wuhqg prgho lq sdqho gdwd1
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^4` Dqguhzv/ G1 Z1 N1 +4<<4,/ �Khwhurvnhgdvwlflw| dqg Dxwrfruuhodwlrq Frqvlvwhqw Fryduldqfh Pdwul{

Hvwlpdwlrq/� Hfrqrphwulfd/ 8</ ;4:0;8;1

^5` Dqguhzv/ G1 Z1 N1 +4<<6,/ �Whvwv iru Sdudphwhu Lqvwdelolw| dqg Vwuxfwxudo Fkdqjhv zlwk Xqnqrzq

Fkdqjh Srlqw/� Hfrqrphwulfd/ 94/ ;540;891

^6` Dqguhz/ G1 Z1 N1 dqg Sorehujhu/ Z1 +4<<7,/ �Rswlpdo Whvwv Zkhq d Qxlvdqfh Sdudphwhu lv Suhvhqw

Rqo| Xqghu wkh Dowhuqdwlyh/� Hfrqrphwulfd/ 95/ 46;6047471

^7` Edl/ M1 +4<<9,/ �Whvwlqj iru Sdudphwhu Frqvwdqf| lq Olqhdu Uhjuhvvlrqv= Dq Hpslulfdo Glvwulexwlrq

Ixqfwlrq Dssurdfk/� Hfrqrphwulfd/ 97/ 8<:09551

^8` Edl/ M1 +4<<:,/ �Hvwlpdwlrq ri d Fkdqjh Srlqw lq Pxowlsoh Uhjuhvvlrq Prghov/� Uhylhz ri Hfrqrplfv

dqg Vwdwlvwlfv/ :</ 88408961

^9` Edl/ M1/ Oxpvgdlqh/ U1 O1/ dqg Vwrfn/ M1 K1 +4<<;,/ �Whvwlqj iru dqg Gdwlqj Frpprq Euhdnv lq Pxowl0

yduldwh Wlph Vhulhv/� Uhylhz ri Hfrqrplf Vwxglhv/ 98/ 6<807651

^:` Edowdjl/ Edgl K1 dqg Ol/ Tl +4<<4,/ �D Wudqvirupdwlrq wkdw zloo Flufxpyhqw wkh Sureohp ri Dxwrfru0

uhodwlrq q dq Huuru0Frpsrqhqw Prgho/� Mrxuqdo ri Hfrqrphwulfv/ 7;/ 6;806<61

^;` Eloolqjvoh|/ S1 +4<9;,/ Frqyhujhqfh ri Suredelolw| Phdvxuhv/ Qhz \run/ Zloh|1

^<` Fdpsrv/ M1/ Hulfvvrq/ Q1 U1/ dqg Khqgu|/ G1 I1 +4<<9,/ �Frlqwhjudwlrq Whvwv lq wkh Suhvhqfh ri Vwuxfwxudo

Euhdnv/� Mrxuqdo ri Hfrqrphwulfv/ :3/ 4;:05531
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^43` Fkx/ F10V1/ dqg Zklwh/ K1 +4<<5,/ �D Gluhfw Whvw iru Fkdqjlqj Wuhqg/� Mrxuqdo ri Exvlqhvv dqg

Vwdwlvwlfv/ 43/ 5;<05<<1

^44` Juhjru|/ D1 Z1/ dqg Kdqvhq/ E1 +4<<9,/ �Uhvlgxdo0Edvhg Whvwv iru Frlqwhjudwlrq lq Prghov zlwk Uhjlph

Vkliwv/� Mrxuqdo ri Hfrqrphwulfv/ :3/ <<04591

^45` Kdq/ D1 N1/ dqg Sdun/ G1 +4<;<,/ �Whvwlqj iru Vwuxfwxudo Fkdqjh lq Sdqho Gdwd= Dssolfdwlrq wr v Vwxg|

ri X1V1 Iruhljq Wudgh lq Pdqxidfwxulqj Jrrgv/� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :4/ 46804751

^46` Kdqvhq/ E1 +4<<5,/ �Whvwv iru Sdudphwhu Lqvwdelolw| lq Uhjuhvvlrqv zlwk L+4, Surfhvvhv/� Mrxuqdo ri

Exvlqhvv dqg Vwdwlvwlfv/ 43/ 65406691

^47` Kdqvhq/ E1 H1 +4<<<,/ �Wkuhvkrog H�hfwv lq Qrq0G|qdplf Sdqhov= Hvwlpdwlrq/ Whvwlqj dqg Lqihuhqfh/�

Mrxuqdo ri Hfrqrphwulfv/ <6/ 678069;1

^48` Ndr/ F1 +4<<<,/ �Vsxulrxv Uhjuhvvlrq dqg Uhvlgxdo0Edvhg Whvwv iru Frlqwhjudwlrq lq Sdqho Gdwd/�

Mrxuqdo ri Hfrqrphwulfv/ <3/ 40771

^49` Ndr/ F1/ dqg Fkldqj/ P0K1 +5333,/ �Whvwlqj iru Vwuxfwxudo Fkdqjh ri d Frlqwhjudwhg Uhjuhvvlrq lq

Sdqho Gdwd� Pdqxvfulsw1

^4:` Ndr/ F1/ dqg Urvv/ V1 +4<<8,/ �D FXVXP Whvw lq wkh Olqhdu Uhjuhvvlrq zlwk Vhuldoo| Fruuhodwhg

Glvwxuedqfhv/� Hfrqrphwulf Uhylhzv/ 47/ 66406791

^4;` Nudphu/ Z1/ Sorehujhu/ Z1/ dqg Dow/ U1 +4<;;,/ �Whvwlqj iru Vwuxfwxudo Fkdqjh lq G|qdplf Prghov/�

Hfrqrphwulfd/ 89/ 46880469<1

^4<` Prrq/ K1 U1/ dqg Skloolsv/ S1 F1 E1 +4<<<,/ �Hvwlpdwlrq ri Dxwruhjuhvvlyh Urrwv Qhdu Xqlw| Xvlqj

Sdqho Gdwd/� Pdqxvfulsw1

^53` Slfdug/ G1 +4<;8,/ �Whvwlqj dqg Hvwlpdwlqj Fkdqjh0Srlqw lq Wlph Vhulhv/� Dgydqfhv lq Dssolhg Sured0

elolw|/ 4:/ ;740;9:1

^54` Sorehujhu/ Z1/ Nudphu/ Z1/ dqg Nrqwuxv/ N1 +4<;<,/ �D Qhz Whvw iru Vwuxfwxudo Vwdelolw| lq wkh Olqhdu

Uhjuhvvlrq Prgho/� Mrxuqdo ri Hfrqrphwulfv/ 73/ 63:064;1

^55` Yrjhovdqj/ W1 M1 +4<<:,/ �Zdog0W|sh Whvwv iru Ghwhfwlqj Euhdnv lq wkh Wuhqg Ixqfwlrq ri d G|qdplf

Wlph Vhulhv/� Hfrqrphwulf Wkhru|/ 46/ ;4;0;7<1
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