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Chapter 3: Part 2

MATH

Recall that if f : A! B is a function, we may use f(A) to denote

fb 2 B : f(a) = b for some a 2 Ag :

De�nition 1 A function f : A! B is injective (or one-to-one) if for each pair of distinct points in A; their
images under f are distinct, i.e., a = b if and only if f(a) = f(b):

Math Fact If f : A! f(A) is injective, then f�1 : f(A)! A is injective.

Math Fact If f : A! B and g : B ! C; are both injective functions, where f(A) = B; then g � f : A! C
is an injective function.

CONSTRUCTING THE MECHANISM

We assume throughout that any encoding function � : T ! �(T ) is injective. Therefore, its inverse ��1 :
�(T )! T is also injective. Also, since � is injective, it follows that for our purposes, you may omit Lemma
8 and its Corollary on the previous handout. Finally, ��1 � �(t) = t; where t 2 T:
In the next two parts, we show that given the following, we can derive a mechanism realizing the goal

function F : �! Z:

� a goal function F : �! Z

� a covering C of � that is generated by a self-belonging correspondence V : � ) �; i.e., CV = C =
fK : K = V (�) for some � 2 �g (when K = V (�); � is said to be a generator of K and may be denoted
by �K):

� C is contour contained, i.e., if K 2 C; K � F�1(z) for some z 2 Z (or if K 2 C; the goal function F is
constant on K)

� C has an SDR � : C ! �; with set T = �(C) a transversal for C

� there is an encoding function � : T ! �(T )

The �rst mechanism is not necessarily privacy preserving, the second is. In both cases, de�ne the function
h :M 0 ! Z by

h = F � ��1; (1)

where to be precise, we should really replace F with FT the restriction of F to T; i.e.,

FT (�) = F (�) ;

where FT : T ! Z (note that T � �); but we will not do so. Since � is injective, ��1 is a function and since
F is a function, it follows that h is as well.

A Mechanism That Isn�t Necessarily Privacy Preserving

Now we de�ne the equilibrium message correspondence. De�ne 
 : �) C by


(�) = fK 2 C : � 2 Kg : (2)

We take the equilibrium message space to be

M 0 = �(T ); (3)

where � is the encoding function. De�ne � = � � � � 
 : �)M 0 as

� (�) = � (� (
 (�))) : (4)
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Θ

C

Ω (correspondence)

Λ (SDR function)

ν (encoding function)

θ

Ω(θ)

Λ(Ω(θ))

µ(θ)=ν(Λ(Ω(θ))) M'

µ
(equilibrium

correspondence) T=Λ(C)

Z
F(θ)

ν­1 (encoding function inverse)

F (goal function)

F (more precisely, FT, the restriction
of F to T)

h (outcome function)

In the diagram above, 
 (�) is the set of sets in the covering C of � which contain �; � (
 (�)) is the set of
distinct representatives associated with those sets; � (� (
 (�))) is the image under the encoding function �
of those distinct representatives.
We show that the mechanism � = (M 0; �; h) realizes F; i.e., we show that for every � 2 �; F (�) =

h (� (�)) : From (1), (2), and (4),
� = � � � � 
; (5)

h = F � ��1; (6)

and

(�) = fK 2 C : � 2 Kg : (7)

Because the covering C is F � cc; if

�� 2 K for some K 2 
(�); then F
�
��
�
= F (�) : (8)

By the de�nition of an SDR, part (i), for every K 2 C;

� (K) 2 K: (9)

It follows from (7), (8), and (9) that for every K 2 
(�);

F (� (K)) = F (�) :

Therefore, for every � 2 �;
F (� (
(�))) = F (�) : (10)

But by (5), (6), and (10),

F (�) =
by (10)

F (� (
(�))) = F
�
��1 (� (� (
(�))))

�
= F � ��1| {z }

=h by (6)

0@� � � � 
| {z }
=� by (5)

(�)

1A = h (� (�)) : �

Deriving A Mechanism That Is Privacy Preserving

We derive a mechanism which is privacy preserving from the previous construction. We do this for the case
of two agents only (see your text for the case of N agents). De�ne h as at (1). What we change is how we
de�ne 
 and �: Speci�cally, we replace 
 : �) C with two correspondences, 
1 : �1 ) C and 
2 : �2 ) C;
and we de�ne �1 : �1 )M; �2 : �2 )M; and � : �1 ��2 )M 0; where � (�) = �1

�
�1
�
\ �2

�
�2
�
:
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First, we de�ne 
i : �i ) C; i = 1; 2; as


1
�
�1
�
=
�
K 2 C : there exists �2 2 �2 such that

�
�1; �2

�
2 K

	
(11)

and

2
�
�2
�
=
�
K 2 C : there exists �1 2 �1 such that

�
�1; �2

�
2 K

	
: (12)

Now consider the sets
�
�

i
�
�i
��
� T;

i = 1; 2: Each is a set of distinct representatives corresponding to the sets indicated; speci�cally, there is
a one-to-one relationship between elements of 
i

�
�i
�
(which are sets) and elements of �

�

i
�
�i
��
: Since

� : T ! M is injective (M is de�ned below), there is a one-to-one relationship between elements of 
i
�
�i
�

(which are sets) and elements of �
�
�
�

i
�
�i
���
.

Now de�ne M = �
�
�
�

1
�
�1
���

[ �
�
�
�

2
�
�2
���

and de�ne �i : �i )M; i = 1; 2; by

�1
�
�1
�
=
�
m 2M : m = � (� (K)) for some K 2 
1

�
�1
�	

(13)

and
�2
�
�2
�
=
�
m 2M : m = � (� (K)) for some K 2 
2

�
�2
�	
: (14)

De�ne � : � = �1 ��2 )M 0 by
� (�) = �1

�
�1
�
\ �2

�
�2
�
: (15)

(We end up showing that M 0 = �
�
�
�

1
�
�1
���

\ �
�
�
�

2
�
�2
���

:)

Let m 2 � (�) = �1
�
�1
�
\�2

�
�2
�
be arbitrary. We show that there exists K 2 
1

�
�1
�
\
2

�
�2
�
such that

m = � (� (K)) : This idea is represented in the following diagrams.Given that m 2 �1
�
�1
�
and m 2 �2

�
�2
�
;

use (13) and (14) to �nd that there exist K1 2 
1
�
�1
�
and K2 2 
2

�
�2
�
such that

�
�
�
�
K1
��
= m = �

�
�
�
K2
��
: (16)

Ω1(θ1)

K1

Ω2(θ2)

K2

T=Λ(C)

M'

m=ν(Λ(K1))=ν(Λ(K2)) in both µ1(θ1) and µ2(θ2)

Ω1(Θ1) Ω2(Θ2)

Λ
Λ

νν
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Ω1(θ1)
K1=K2=K

Ω2(θ2)

T=Λ(C)

M'

m=ν(Λ(K1))=ν(Λ(K2))=ν(Λ(Κ)) in both µ1(θ1) and µ2(θ2)

Ω1(Θ1) Ω2(Θ2)

Λ

ν

Λ(Κ1)=Λ(Κ2)=Λ(Κ)

ν−1

But since � and � are both one-to-one functions, so is ���; and therefore, K1 = K2 = K 2 
1
�
�1
�
\
2

�
�2
�
;

we rewrite (16) as
m = � (� (K)) : (17)

It is also the case that � 2 K (since K 2 
1
�
�1
�
\ 
2

�
�2
�
) and that � (K) 2 K (by SDR (i)). Since C

is an F � cc covering of �; it follows that

F (�) = F (� (K)) : (18)

Now we show that the mechanism realizes F: That is, we show that if m 2 � (�) = �1
�
�1
�
\ �2

�
�2
�
;

then h(m) = F (�) : We �nd that

h (m) =
by (1)

F
�
��1 (m)

�
=

by (17)
F
�
��1 (� (� (K)))

�
= F (� (K)) =

by (18)
F (�) : �
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