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I ntroduction:

Horrace and Oaxaca (2001) detail a Sequential Least Squares (SLS) estimator that out-performs
OLS, probit and logit in terms of mean-squared error of the predicted probabilities when the data
generation processis the linear probability model (LPM). Intheir Theorem 8, they provide
conditions under which SLSis consistent. These conditions hinge critically on the distribution of
the explanatory variable in the DGP. This paper derives afew consistency results when the DGPisa
simple linear model and the dependent variable has a normal distribution to demonstrate that the
consistency assumptions of the SLS are met under the a normality assumption. The notation follows
that of Horrace and Oaxaca (2001).

Result 1:

Consider a univariate random sample: xi ~ N(u,62),i = 1,...,n, and alinear transformation:
Po+Xif1 Lety = Pr{fo+xf1 € [0,1]} and 7 = Pr{fo + X1 > 1}. Consider ssimple OLS on the
LPM. Then equation (11) becomes:
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Thisisa2x1 matrix. The row one element is the conditional expectation of LPM intercept and
the row two element is the conditional expectation of the LPM slope. Denote the OLS slope
estimate as ﬁln. Then the conditional expectation of the slope estimate can be written as (after
inverting the moment matrix above):
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After some algebra, taking the limit over x asn — oo and appealing to the law of large numbers:

NME(B i) = 222 [E(x,) — ] + LB {VI(X,) + EQG)[EX,) — ]} + 2 [E(Xe) — p]

where V(x,) and E(x, ) are the variance and mean of the distribution of the x in set «,
respectively. The E(X;) isthe mean of the distribution of the x in set k.. For the normal distribution
these moments have closed form solutions:
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Where ¢ isthe p.d.f. of the standard normal distribution, a = —o/1 and b = (1 - Bo)/B1.
Substitution of these moments into the above equation we get (after some tedious algebra):

liME(B, %) = 71
Using similar (tedious) techniquesit can also be shown that

NMEBoolxi) = 22[02 + 2 — pE(x,)] + L2 {(0? + p?)E(x,) — [Var(x,) + E(x,)]u}
+ Z[(0% + p?) — uE(Xx)]

iMEBo,lxi) = 7 + 7o + P 9(Z) — ¢ () .

Notice that when fo + up1 = 4, implying ¢(35) = ¢( 22 ) and limE(Bo,xi) = 7 + 7 Bo.

Result2: .

Suppose B, B, Bt and BL are any two successive SLS estimates of the intercept and slope
parameters from the simple regression where (as before) xi ~ N(¢,62), i = 1,...,n. Define
a = —Bh/Bh, and by = (1 - Bon)/ B andlet yj = Pr{By, + i, € [0,1]}. The samplefor the jth
iteration of the SLS procedure is a random sample from atruncation of x;. Call this new random
variable x}, atruncation of x; below a; and above b;. Then:
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Then using limiting arguments
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Using substitutions and tedious algebra similar to those used in Result 1 it can be shown that:

limE(Bi X, aj,by) = 22~ [9(5*) ~ (25" ) ]
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If the next SLS estimate is B2, then xi*L is atruncation of x below a;,1 and above bj,1 with
similarly defined mean and variance: pj;1 and 67, respectively and
Yisn = Pr{BEL + xi Bt € [0,1]}. Therefore,
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Result 3:
Now let’srestrict the model so that Bo + up1 = L, impying ¢(52) = (24 ). Inthiscase,
the SLS estimators wiII always pass through the mean of the sample, which in the limit will always

occur at Bo+ pP1 = <. Thisbeingthe case, the SLS regression lines will rotate about the point
1) inthe Carteﬂan space of fo + xif1 and B, + xi Bl,. Also, E(xy) = pinthelimit. This
symmetry casues the trimming to also be symmetric about o + uf1 = =, so that

(L) = ¢>( b ) inthe limit aswell. Then the SLS estimators reduceto
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Clearly, 62 > 6]2 > GJ+1’ S0 asj increases, the <

> "—2 > 1 offsetsthey < linthe
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expressions 2212~ 1" > ”3 1" . Consequently the SL S slope estimators will always have decreasing

]+l
asymptotic biasin the I|m|t asj and n get large. Therefore we have found a case where the SLS
estimator is asymptotically unbiased.
Now consider the OLS estimator in thiscase (j = 1):

HME(B g, + XiBy,IXi) = 7 +y(Bo + B1)

In this case if we knew y then we would know 7, because the restriction Bo + puf1 = % implies
thatr =1—-y—-morm = (1-y)/(2r). Then we could ssimply correct the bias of the OL S estimate.
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